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ɍȾɄ 531 
ɉɪɚɤɬɢɱɟɫɤɢɟ ɡɚɧɹɬɢɹ ɩɨ ɮɢɡɢɤɟ. ɑɚɫɬɶ 1. Ɏɢɡɢɱɟɫɤɢɟ ɨɫɧɨɜɵ 

ɦɟɯɚɧɢɤɢ ɢ ɨɫɧɨɜɵ ɦɨɥɟɤɭɥɹɪɧɨɣ ɮɢɡɢɤɢ ɢ ɬɟɪɦɨɞɢɧɚɦɢɤɢ: ɭɱɟɛ. 
ɩɨɫɨɛɢɟ  / Ɍ.Ƚ. Ⱥɜɚɱɟɜɚ, Ɇ.Ⱥ. Ȼɭɪɨɛɢɧ; ɩɨɞ ɪɟɞ. Ȼ. ɂ. Ʉɨɥɨɬɢɥɢɧɚ; Ɋɹɡɚɧ. 
ɝɨɫ. ɪɚɞɢɨɬɟɯɧ. ɭɧ-ɬ. Ɋɹɡɚɧɶ, 2011. 48 ɫ. 

ɉɪɢɜɨɞɹɬɫɹ ɨɫɧɨɜɧɵɟ ɮɨɪɦɭɥɵ, ɩɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɬɢɩɨɜɵɯ ɡɚɞɚɱ, 
ɡɚɞɚɱɢ ɞɥɹ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɝɨ ɪɟɲɟɧɢɹ ɩɨ ɪɚɡɞɟɥɚɦ ɤɭɪɫɚ ɮɢɡɢɤɢ: 
ɮɢɡɢɱɟɫɤɢɟ ɨɫɧɨɜɵ ɦɟɯɚɧɢɤɢ, ɦɟɯɚɧɢɱɟɫɤɢɟ ɤɨɥɟɛɚɧɢɹ ɢ ɨɫɧɨɜɵ 
ɦɨɥɟɤɭɥɹɪɧɨɣ ɮɢɡɢɤɢ ɢ ɬɟɪɦɨɞɢɧɚɦɢɤɢ. 

ɉɪɟɞɧɚɡɧɚɱɟɧɨ ɞɥɹ ɫɬɭɞɟɧɬɨɜ ɜɫɟɯ ɫɩɟɰɢɚɥɶɧɨɫɬɟɣ, ɢɡɭɱɚɸɳɢɯ 
ɞɢɫɰɢɩɥɢɧɭ «Ɏɢɡɢɤɚ». 

Ɍɚɛɥ. 4. ɂɥ. 23. Ȼɢɛɥɢɨɝɪ.: 4 ɧɚɡɜ. 
 
Ɇɟɯɚɧɢɤɚ, ɤɢɧɟɦɚɬɢɤɚ, ɞɢɧɚɦɢɤɚ, ɫɢɥɚ, ɩɭɬɶ, ɩɟɪɟɦɟɳɟɧɢɟ, 

ɫɤɨɪɨɫɬɶ, ɭɫɤɨɪɟɧɢɟ, ɪɚɛɨɬɚ, ɷɧɟɪɝɢɹ, ɡɚɤɨɧɵ ɇɶɸɬɨɧɚ, ɦɨɦɟɧɬ 
ɢɧɟɪɰɢɢ, ɦɨɦɟɧɬ ɫɢɥɵ, ɦɨɦɟɧɬ ɢɦɩɭɥɶɫɚ, ɤɨɥɟɛɚɧɢɹ, ɦɨɥɟɤɭɥɹɪɧɨ-

ɤɢɧɟɬɢɱɟɫɤɚɹ ɬɟɨɪɢɹ, ɩɟɪɜɨɟ ɧɚɱɚɥɨ ɬɟɪɦɨɞɢɧɚɦɢɤɢ, ɚɞɢɚɛɚɬɢɱɟɫɤɢɣ 
ɩɪɨɰɟɫɫ 

 
ɉɟɱɚɬɚɟɬɫɹ ɩɨ ɪɟɲɟɧɢɸ ɪɟɞɚɤɰɢɨɧɧɨ-ɢɡɞɚɬɟɥɶɫɤɨɝɨ ɫɨɜɟɬɚ 

Ɋɹɡɚɧɫɤɨɝɨ ɝɨɫɭɞɚɪɫɬɜɟɧɧɨɝɨ ɪɚɞɢɨɬɟɯɧɢɱɟɫɤɨɝɨ ɭɧɢɜɟɪɫɢɬɟɬɚ. 
 
Ɋɟɰɟɧɡɟɧɬ: ɤɚɮɟɞɪɚ ɨɛɳɟɣ ɢ ɷɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨɣ ɮɢɡɢɤɢ ɊȽɊɌɍ  

(ɡɚɜ. ɤɚɮɟɞɪɨɣ ɩɪɨɮ. Ȼ.ɂ. Ʉɨɥɨɬɢɥɢɧ) 
 
 

Ⱥ ɜ ɚ ɱ ɟ ɜ ɚ Ɍɚɬɶɹɧɚ Ƚɟɧɧɚɞɢɟɜɧɚ 
Ȼ ɭ ɪ ɨ ɛ ɢ ɧ Ɇɢɯɚɢɥ Ⱥɧɚɬɨɥɶɟɜɢɱ 

 
ɉɪɚɤɬɢɱɟɫɤɢɟ ɡɚɧɹɬɢɹ ɩɨ ɮɢɡɢɤɟ. 

ɑɚɫɬɶ 1. Ɏɢɡɢɱɟɫɤɢɟ ɨɫɧɨɜɵ ɦɟɯɚɧɢɤɢ ɢ ɨɫɧɨɜɵ 
ɦɨɥɟɤɭɥɹɪɧɨɣ ɮɢɡɢɤɢ ɢ ɬɟɪɦɨɞɢɧɚɦɢɤɢ 

 
Ɋɟɞɚɤɬɨɪ  Ɋ.Ʉ. Ɇɚɧɝɭɬɨɜɚ 
Ʉɨɪɪɟɤɬɨɪ ɋ.ȼ. Ɇɚɤɭɲɢɧɚ 

ɉɨɞɩɢɫɚɧɨ ɜ ɩɟɱɚɬɶ  25.06.11. Ɏɨɪɦɚɬ ɛɭɦɚɝɢ 60  84 1/16. 
Ȼɭɦɚɝɚ ɝɚɡɟɬɧɚɹ. ɉɟɱɚɬɶ ɬɪɚɮɚɪɟɬɧɚɹ. ɍɫɥ. ɩɟɱ. ɥ. 3,0. 

Ɍɢɪɚɠ 200 ɷɤɡ. Ɂɚɤɚɡ 
Ɋɹɡɚɧɫɤɢɣ ɝɨɫɭɞɚɪɫɬɜɟɧɧɵɣ ɪɚɞɢɨɬɟɯɧɢɱɟɫɤɢɣ ɭɧɢɜɟɪɫɢɬɟɬ. 

390005, Ɋɹɡɚɧɶ, ɭɥ. Ƚɚɝɚɪɢɧɚ, 59/1. 
Ɋɟɞɚɤɰɢɨɧɧɨ-ɢɡɞɚɬɟɥɶɫɤɢɣ ɰɟɧɬɪ ɊȽɊɌɍ. 

 
©  Ɋɹɡɚɧɫɤɢɣ ɝɨɫɭɞɚɪɫɬɜɟɧɧɵɣ 
ɪɚɞɢɨɬɟɯɧɢɱɟɫɤɢɣ ɭɧɢɜɟɪɫɢɬɟɬ, 2011
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ȼȼȿȾȿɇɂȿ 

ɉɪɚɤɬɢɱɟɫɤɢɟ ɡɚɧɹɬɢɹ ɩɨ ɤɭɪɫɭ ɮɢɡɢɤɢ 

Ɏɢɡɢɤɚ ɜ ɬɟɯɧɢɱɟɫɤɨɦ ɜɭɡɟ ɹɜɥɹɟɬɫɹ ɨɛɳɟɨɛɪɚɡɨɜɚɬɟɥɶɧɨɣ 
ɞɢɫɰɢɩɥɢɧɨɣ, ɧɚɩɪɚɜɥɟɧɧɨɣ ɧɚ ɩɨɥɭɱɟɧɢɟ ɮɭɧɞɚɦɟɧɬɚɥɶɧɵɯ ɛɚɡɨɜɵɯ 
ɡɧɚɧɢɣ, ɧɚ ɤɨɬɨɪɵɯ ɩɨɤɨɹɬɫɹ ɬɟɨɪɟɬɢɱɟɫɤɢɟ ɨɫɧɨɜɵ ɫɩɟɰɢɚɥɶɧɵɯ ɧɚɭɤ, ɢ 
ɮɨɪɦɢɪɨɜɚɧɢɟ ɬɜɨɪɱɟɫɤɨɝɨ ɢɧɠɟɧɟɪɧɨɝɨ ɦɵɲɥɟɧɢɹ ɬɟɯɧɢɱɟɫɤɢɯ 
ɫɩɟɰɢɚɥɢɫɬɨɜ. 

ɉɨɥɭɱɟɧɢɟ ɩɪɚɤɬɢɱɟɫɤɢɯ ɧɚɜɵɤɨɜ ɪɟɲɟɧɢɹ ɮɢɡɢɱɟɫɤɢɯ ɡɚɞɚɱ 
ɹɜɥɹɟɬɫɹ ɧɟɨɬɴɟɦɥɟɦɵɦ ɭɫɥɨɜɢɟɦ ɮɨɪɦɢɪɨɜɚɧɢɹ ɨɫɧɨɜɧɵɯ ɤɨɦɩɟɬɟɧɰɢɣ 
ɬɟɯɧɢɱɟɫɤɨɝɨ ɫɩɟɰɢɚɥɢɫɬɚ. ȼ ɫɨɜɪɟɦɟɧɧɵɯ ɭɫɥɨɜɢɹɯ ɩɟɪɟɯɨɞɚ ɤ 
ɫɬɚɧɞɚɪɬɚɦ ɬɪɟɬɶɟɝɨ ɩɨɤɨɥɟɧɢɹ ɞɥɹ ɪɚɡɜɢɬɢɹ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɣ 
ɞɟɹɬɟɥɶɧɨɫɬɢ ɫɬɭɞɟɧɬɨɜ, ɩɨɜɵɲɟɧɢɹ ɦɨɬɢɜɚɰɢɢ ɢ ɭɪɨɜɧɹ ɫɚɦɨɤɨɧɬɪɨɥɹ 
ɧɟɨɛɯɨɞɢɦɨ ɫɨɜɟɪɲɟɧɫɬɜɨɜɚɬɶ ɫɢɫɬɟɦɭ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɣ ɪɚɛɨɬɵ ɩɨ 
ɪɟɲɟɧɢɸ ɮɢɡɢɱɟɫɤɢɯ ɡɚɞɚɱ, ɚ ɧɚ ɩɪɚɤɬɢɱɟɫɤɢɯ ɡɚɧɹɬɢɹɯ ɜ ɚɭɞɢɬɨɪɢɢ 
ɪɟɚɥɢɡɨɜɵɜɚɬɶ ɤɨɧɬɪɨɥɢɪɭɸɳɢɟ ɢ ɤɨɧɫɭɥɶɬɚɰɢɨɧɧɵɟ ɮɭɧɤɰɢɢ. 

ȼ ɷɬɨɣ ɫɜɹɡɢ ɞɥɹ ɨɪɝɚɧɢɡɚɰɢɢ ɩɪɚɤɬɢɱɟɫɤɢɯ ɡɚɧɹɬɢɣ ɩɨ ɮɢɡɢɤɟ 
ɦɚɬɟɪɢɚɥ ɩɟɪɜɨɝɨ ɫɟɦɟɫɬɪɚ (ɱɚɫɬɶ 1) ɪɚɡɛɢɬ ɧɚ 6 ɬɟɦ, ɤɚɠɞɚɹ ɢɡ ɤɨɬɨɪɵɯ 
ɜɤɥɸɱɚɟɬ ɜ ɫɟɛɹ: 

✓ ɫɩɢɫɨɤ ɨɫɧɨɜɧɵɯ ɬɟɦɚɬɢɤ ɡɚɞɚɱ ɜ ɤɨɧɬɪɨɥɶɧɨɣ ɪɚɛɨɬɟ; 
✓ ɨɫɧɨɜɧɵɟ ɮɨɪɦɭɥɵ; 
✓ ɩɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɬɢɩɨɜɵɯ ɡɚɞɚɱ; 
✓ ɡɚɞɚɱɢ ɞɥɹ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɝɨ ɪɟɲɟɧɢɹ; 
✓ ɪɟɤɨɦɟɧɞɭɟɦɭɸ ɥɢɬɟɪɚɬɭɪɭ ɩɨ ɬɟɦɟ. 

Ɋɟɤɨɦɟɧɞɚɰɢɢ ɤ ɪɟɲɟɧɢɸ ɮɢɡɢɱɟɫɤɢɯ ɡɚɞɚɱ 

  Ⱦɥɹ ɭɫɩɟɲɧɨɝɨ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɪɟɤɨɦɟɧɞɭɟɦ ɩɪɢɞɟɪɠɢɜɚɬɶɫɹ 
ɫɥɟɞɭɸɳɟɝɨ ɚɥɝɨɪɢɬɦɚ: 
- ɨɡɧɚɤɨɦɶɬɟɫɶ ɫ ɬɟɨɪɟɬɢɱɟɫɤɢɦ ɦɚɬɟɪɢɚɥɨɦ ɩɨ ɬɟɦɟ, ɫ ɩɪɢɜɟɞɟɧɧɵɦɢ ɜ 
ɧɚɱɚɥɟ ɤɚɠɞɨɣ ɬɟɦɵ ɨɫɧɨɜɧɵɦɢ ɮɨɪɦɭɥɚɦɢ ɢ ɩɪɢɦɟɪɚɦɢ ɪɟɲɟɧɢɹ 
ɬɢɩɨɜɵɯ ɡɚɞɚɱ; 
- ɩɪɨɱɢɬɚɣɬɟ ɬɟɤɫɬ ɡɚɞɚɱɢ, ɜɧɢɦɚɬɟɥɶɧɨ ɜɧɢɤɚɹ ɜ ɟɟ ɮɢɡɢɱɟɫɤɢɣ ɫɦɵɫɥ, 
ɫɞɟɥɚɣɬɟ ɩɨɹɫɧɹɸɳɢɣ ɪɢɫɭɧɨɤ ɢɥɢ ɝɪɚɮɢɤ, ɨɛɨɡɧɚɱɶɬɟ ɤɨɨɪɞɢɧɚɬɧɵɟ 
ɨɫɢ, ɜɟɤɬɨɪɧɵɟ ɜɟɥɢɱɢɧɵ; 
- ɡɚɩɢɲɢɬɟ ɞɚɧɧɵɟ, ɩɪɢ ɧɟɨɛɯɨɞɢɦɨɫɬɢ ɩɟɪɟɜɟɞɢɬɟ ɢɯ ɜ ɟɞɢɧɢɰɵ ɋɂ 
(ɫɦ. ɩɪɢɥɨɠɟɧɢɟ, ɬɚɛɥ. ɉ1); 
- ɡɚɩɢɲɢɬɟ ɮɢɡɢɱɟɫɤɢɟ ɡɚɤɨɧɵ, ɨɩɢɫɵɜɚɸɳɢɟ ɹɜɥɟɧɢɹ ɢ ɩɪɨɰɟɫɫɵ, 
ɪɚɫɫɦɚɬɪɢɜɚɟɦɵɟ ɜ ɡɚɞɚɱɟ; 
- ɪɟɲɟɧɢɟ ɡɚɞɚɱɢ ɩɪɢɜɟɞɢɬɟ ɫɧɚɱɚɥɚ ɜ ɨɛɳɟɦ ɜɢɞɟ, ɬ.ɟ. ɜ ɛɭɤɜɟɧɧɵɯ 
ɨɛɨɡɧɚɱɟɧɢɹɯ ɮɢɡɢɱɟɫɤɢɯ ɜɟɥɢɱɢɧ, ɞɚɥɟɟ ɩɪɨɜɟɪɶɬɟ ɫɨɨɬɜɟɬɫɬɜɢɟ 
ɪɚɡɦɟɪɧɨɫɬɢ ɮɢɡɢɱɟɫɤɢɯ ɜɟɥɢɱɢɧ, ɜɯɨɞɹɳɢɯ ɜ ɩɨɥɭɱɟɧɧɨɟ ɜɵɪɚɠɟɧɢɟ; 
ɱɢɫɥɟɧɧɵɟ ɪɚɫɱɟɬɵ ɞɟɥɚɣɬɟ ɦɚɤɫɢɦɚɥɶɧɨ ɩɨɞɪɨɛɧɨ, ɷɬɨ ɩɨɦɨɝɚɟɬ 
ɢɡɛɟɠɚɬɶ ɦɧɨɝɢɯ ɨɲɢɛɨɤ; 
- ɡɚɩɢɲɢɬɟ ɨɬɜɟɬ ɫ ɭɤɚɡɚɧɢɟɦ ɟɞɢɧɢɰ ɢɡɦɟɪɟɧɢɹ ɮɢɡɢɱɟɫɤɨɣ ɜɟɥɢɱɢɧɵ. 
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Ɍɟɦɚ 1. ɄɂɇȿɆȺɌɂɄȺ 

ȼ ɤɨɧɬɪɨɥɶɧɨɣ ɪɚɛɨɬɟ ɩɨ ɬɟɦɟ «Ʉɢɧɟɦɚɬɢɤɚ» ɧɟɨɛɯɨɞɢɦɨ ɪɟɲɢɬɶ 
ɡɚɞɚɱɢ ɩɨ ɫɥɟɞɭɸɳɢɦ ɨɫɧɨɜɧɵɦ ɬɟɦɚɬɢɤɚɦ: 
1. ɉɪɹɦɨɥɢɧɟɣɧɨɟ ɞɜɢɠɟɧɢɟ (1 ɛɚɥɥ). 
2. ɉɟɪɟɦɟɳɟɧɢɟ, ɫɤɨɪɨɫɬɶ ɢ ɭɫɤɨɪɟɧɢɟ ɩɪɢ ɤɪɢɜɨɥɢɧɟɣɧɨɦ ɞɜɢɠɟɧɢɢ (3 
ɛɚɥɥɚ). 
3. Ⱦɜɢɠɟɧɢɟ ɬɟɥɚ ɩɨɞ ɭɝɥɨɦ ɤ ɝɨɪɢɡɨɧɬɭ (2 ɛɚɥɥɚ). 
4. ɇɨɪɦɚɥɶɧɨɟ ɢ ɬɚɧɝɟɧɰɢɚɥɶɧɨɟ ɭɫɤɨɪɟɧɢɹ (2 ɛɚɥɥɚ). 
5. ȼɪɚɳɟɧɢɟ ɬɟɥɚ (1 ɛɚɥɥ). 

 
1.1. Ɉɫɧɨɜɧɵɟ ɮɨɪɦɭɥɵ 

ɉɨɥɨɠɟɧɢɟ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ɡɚɞɚɟɬɫɹ ɪɚɞɢɭɫɨɦ-
ɜɟɤɬɨɪɨɦ r: 𝒓 = ݔ࢏ + ݕ࢐ +  (1)        ,ݖ࢑
ɝɞɟ i, j, k − ɟɞɢɧɢɱɧɵɟ ɜɟɤɬɨɪɵ ɧɚɩɪɚɜɥɟɧɢɣ (ɨɪɬɵ); ɯ, ɭ, z − ɤɨɨɪɞɢɧɚɬɵ 
ɬɨɱɤɢ. 

Ʉɢɧɟɦɚɬɢɱɟɫɤɢɟ ɭɪɚɜɧɟɧɢɹ ɞɜɢɠɟɧɢɹ ɜ ɤɨɨɪɞɢɧɚɬɧɨɣ ɮɨɪɦɟ: ݔ = ଵ݂ሺݐሻ, ݕ = ଶ݂ሺݐሻ, ݖ = ଷ݂ሺݐሻ,   (2) 
ɝɞɟ t − ɜɪɟɦɹ, ɷɤɜɢɜɚɥɟɧɬɧɵ ɜɟɤɬɨɪɧɨɦɭ ɭɪɚɜɧɟɧɢɸ 𝒓 = 𝒓 ሺݐሻ. 

ɋɪɟɞɧɹɹ ɫɤɨɪɨɫɬɶ: ۃ𝒗ۄ = ∆𝒓∆௧,     (3) 

ɝɞɟ ∆𝒓 –  ɩɟɪɟɦɟɳɟɧɢɟ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ ɡɚ ɢɧɬɟɪɜɚɥ ɜɪɟɦɟɧɢ ∆ݐ. 
ɋɪɟɞɧɹɹ ɩɭɬɟɜɚɹ ɫɤɨɪɨɫɬɶ: ۃ𝑣ۄ = ∆௦∆௧,     (4) 

ɝɞɟ ∆ݏ –  ɩɭɬɶ, ɩɪɨɣɞɟɧɧɵɣ ɬɨɱɤɨɣ ɡɚ ɢɧɬɟɪɜɚɥ ɜɪɟɦɟɧɢ ∆ݐ. 

Ɇɝɧɨɜɟɧɧɚɹ ɫɤɨɪɨɫɬɶ: 𝒗 = ௗ𝒓ௗ௧ = 𝑣௫࢏ + 𝑣௬࢐ +  𝑣௭,   (5)࢑

ɝɞɟ 𝑣௫ = ௗ௫ௗ௧ , 𝑣௬ = ௗ௬ௗ௧ , 𝑣௭ = ௗ௭ௗ௧ − ɩɪɨɟɤɰɢɢ ɫɤɨɪɨɫɬɢ 𝒗 ɧɚ ɨɫɢ ɤɨɨɪɞɢɧɚɬ. 
Ɇɨɞɭɥɶ ɫɤɨɪɨɫɬɢ: 𝑣 = √𝑣௫ଶ + 𝑣௬ଶ + 𝑣௭ଶ.    (6) 

ɍɫɤɨɪɟɧɢɟ: 𝒂 = ௗ𝒗ௗ௧ = ௫ܽ࢏ + ௬ܽ࢐ + ௭ܽ࢑ ,   (7) 

ɝɞɟ ܽ௫ = ௗ𝑣ೣௗ௧ , ܽ௬ = ௗ𝑣೤ௗ௧ , ܽ௭ = ௗ𝑣೥ௗ௧  − ɩɪɨɟɤɰɢɢ ɭɫɤɨɪɟɧɢɹ 𝒂 ɧɚ ɨɫɢ 
ɤɨɨɪɞɢɧɚɬ. 

Ɇɨɞɭɥɶ ɭɫɤɨɪɟɧɢɹ: ܽ = √ܽ௫ଶ + ܽ௬ଶ + ܽ௭ଶ .    (8) 

ɉɪɢ ɤɪɢɜɨɥɢɧɟɣɧɨɦ ɞɜɢɠɟɧɢɢ ɭɫɤɨɪɟɧɢɟ ɜ ɤɚɠɞɨɣ ɬɨɱɤɟ ɦɨɠɧɨ 
ɩɪɟɞɫɬɚɜɢɬɶ ɤɚɤ ɫɭɦɦɭ ɧɨɪɦɚɥɶɧɨɣ ܽ௡(ɧɚɩɪɚɜɥɟɧɚ ɩɨ ɩɟɪɩɟɧɞɢɤɭɥɹɪɭ ɤ 
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ɬɪɚɟɤɬɨɪɢɢ) ɢ ɬɚɧɝɟɧɰɢɚɥɶɧɨɣ  ܽ𝜏 (ɧɚɩɪɚɜɥɟɧɚ ɩɨ ɤɚɫɚɬɟɥɶɧɨɣ ɤ 
ɬɪɚɟɤɬɨɪɢɢ) ɫɨɫɬɚɜɥɹɸɳɢɯ: 𝒂 = 𝒂𝜏 +  𝒂௡.    (9) 

Ɇɨɞɭɥɢ ɷɬɢɯ ɭɫɤɨɪɟɧɢɣ:  
2 2

n
a a a  ;  υa  ;  

2υ
n

a
R

 ,   (10) 

ɝɞɟ R − ɪɚɞɢɭɫ ɤɪɢɜɢɡɧɵ ɬɪɚɟɤɬɨɪɢɢ ɜ ɞɚɧɧɨɣ ɬɨɱɤɟ. 
ȼ ɡɚɜɢɫɢɦɨɫɬɢ ɨɬ ɬɚɧɝɟɧɰɢɚɥɶɧɨɝɨ ɢ ɧɨɪɦɚɥɶɧɨɝɨ ɭɫɤɨɪɟɧɢɣ 

ɜɵɞɟɥɹɸɬ ɪɚɡɥɢɱɧɵɟ ɬɢɩɵ ɞɜɢɠɟɧɢɣ. ɉɪɨɫɬɟɣɲɢɟ ɢɡ ɧɢɯ: 
1. 0a  ; 0

n
a   - ɩɪɹɦɨɥɢɧɟɣɧɨɟ ɪɚɜɧɨɦɟɪɧɨɟ ɞɜɢɠɟɧɢɟ. υ = const. 

Ʉɢɧɟɦɚɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɞɜɢɠɟɧɢɹ: ɜ ɫɤɚɥɹɪɧɨɣ ɮɨɪɦɟ 0( ) υx t x t  , 

ɝɞɟ 0x  - ɧɚɱɚɥɶɧɚɹ ɤɨɨɪɞɢɧɚɬɚ; ɜ ɜɟɤɬɨɪɧɨɣ ɮɨɪɦɟ:  
r(t) = r0 + υt,    (11) 

ɝɞɟ r0 - ɪɚɞɢɭɫ-ɜɟɤɬɨɪ ɩɨɥɨɠɟɧɢɹ ɬɨɱɤɢ ɜ ɧɚɱɚɥɶɧɵɣ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ. 
2. a a const   ; 0

n
a   - ɩɪɹɦɨɥɢɧɟɣɧɨɟ ɪɚɜɧɨɩɟɪɟɦɟɧɧɨɟ ɞɜɢɠɟɧɢɟ. 

ȿɫɥɢ ɜ ɧɚɱɚɥɶɧɵɣ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ ɫɤɨɪɨɫɬɶ υ0, ɜ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ t 
ɫɤɨɪɨɫɬɶ ɪɚɜɧɚ υ, ɚ ɭɫɤɨɪɟɧɢɟ ɪɚɜɧɨ ɚ, ɬɨ ɫɤɨɪɨɫɬɶ ɬɨɱɤɢ ɜ ɜɟɤɬɨɪɧɨɣ 
ɮɨɪɦɟ υ  = υ0 +аt, ɜ ɩɪɨɟɤɰɢɢ ɧɚ ɤɨɨɪɞɢɧɚɬɧɭɸ ɨɫɶ ɯ: υx  = υ0x +ɚxt. 

Ʉɢɧɟɦɚɬɢɱɟɫɤɢɟ ɭɪɚɜɧɟɧɢɹ ɪɚɜɧɨɩɟɪɟɦɟɧɧɨɝɨ ɞɜɢɠɟɧɢɹ: 
2

0 0( ) 2t t t  r r υ a ;    (12) 
2

0 0( ) υ 2x xx t x t a t   . 

ɉɨɥɨɠɟɧɢɟ ɬɜɟɪɞɨɝɨ ɬɟɥɚ ɢɥɢ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ ɩɪɢ 
ɜɪɚɳɚɬɟɥɶɧɨɦ ɞɜɢɠɟɧɢɢ ɨɩɪɟɞɟɥɹɟɬɫɹ ɭɝɥɨɦ ɩɨɜɨɪɨɬа (ɢɥɢ ɭɝɥɨɜɵɦ 
ɩɟɪɟɦɟɳɟɧɢɟɦ) φ. Ɇɨɞɭɥɶ ɭɝɥɚ ɩɨɜɨɪɨɬɚ:  

                       𝜑 = ௌ∆௧,              (13) 

ɝɞɟ S – ɩɪɨɣɞɟɧɧɵɣ ɩɨ ɞɭɝɟ ɩɭɬɶ ɬɨɱɤɢ (ɪɢɫ. 1). 
Ʉɢɧɟɦɚɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɜɪɚɳɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ: 𝝋 = ݂ሺݐሻ.   (14) 
ɋɪɟɞɧɹɹ ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ:  ۃ𝝎ۄ = ∆𝝋 ⁄,ݐ∆    (15) 

ɝɞɟ ∆𝝋 – ɢɡɦɟɧɟɧɢɟ ɭɝɥɚ ɩɨɜɨɪɨɬɚ ɡɚ 
ɢɧɬɟɪɜɚɥ ɜɪɟɦɟɧɢ ∆ݐ.  

Ɇɝɧɨɜɟɧɧɚɹ ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ: 𝝎 = ௗ𝝋ௗ௧ .  (16) 

ɍɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ: 𝜺 = ௗ𝝎ௗ௧ .  (17) 

ɍɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ɢ ɭɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ 
ɩɨ ɧɚɩɪɚɜɥɟɧɢɸ ɫɨɜɩɚɞɚɸɬ ɫ ɨɫɶɸ 
ɜɪɚɳɟɧɢɹ. 

 
Ɋɢɫ. 1 
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Ʉɢɧɟɦɚɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɪɚɜɧɨɦɟɪɧɨɝɨ ɜɪɚɳɟɧɢɹ: 𝜑 = 𝜑଴ + 𝜔(18)     ,ݐ 
ɝɞɟ 𝜑଴ – ɧɚɱɚɥɶɧɨɟ ɭɝɥɨɜɨɟ ɩɟɪɟɦɟɳɟɧɢɟ. ɉɪɢ ɪɚɜɧɨɦɟɪɧɨɦ ɜɪɚɳɟɧɢɢ 𝜔 =  .ɢ ε = 0 ݐݏ݊݋ܿ

ɑɚɫɬɨɬɚ ɜɪɚɳɟɧɢɹ: 
Ȟ = N / t, ɢɥɢ Ȟ = 1/T,    (19) 

ɝɞɟ N – ɱɢɫɥɨ ɨɛɨɪɨɬɨɜ, ɫɨɜɟɪɲɚɟɦɵɯ ɬɟɥɨɦ ɡɚ ɜɪɟɦɹ t; Ɍ – ɩɟɪɢɨɞ 
ɜɪɚɳɟɧɢɹ (ɜɪɟɦɹ ɨɞɧɨɝɨ ɩɨɥɧɨɝɨ ɨɛɨɪɨɬɚ), 2 2T     . 

Ʉɢɧɟɦɚɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɪɚɜɧɨɩɟɪɟɦɟɧɧɨɝɨ ɜɪɚɳɟɧɢɹ (ε =const): 
2

0 0( ) 2t t t    ,                                        (20) 

ɝɞɟ φ0, 0  − ɧɚɱɚɥɶɧɵɟ ɡɧɚɱɟɧɢɹ ɭɝɥɚ ɩɨɜɨɪɨɬɚ ɢ ɭɝɥɨɜɨɣ ɫɤɨɪɨɫɬɢ. 

ɍɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ɩɪɢ ɪɚɜɧɨɭɫɤɨɪɟɧɧɨɦ ɜɪɚɳɟɧɢɢ: 
0( )t t     .                                                 (21) 

ɋɪɟɞɧɹɹ ɱɚɫɬɨɬɚ ɜɪɚɳɟɧɢɹ ɩɪɢ ɪɚɜɧɨɩɟɪɟɦɟɧɧɨɦ ɜɪɚɳɟɧɢɢ: 
<Ȟ>= N / t = (Ȟɧɚɱ + Ȟɤɨɧ)/2.     (22) 

ɋɜɹɡɶ ɦɟɠɞɭ ɥɢɧɟɣɧɵɦɢ ɢ ɭɝɥɨɜɵɦɢ ɜɟɥɢɱɢɧɚɦɢ, 
ɯɚɪɚɤɬɟɪɢɡɭɸɳɢɦɢ ɜɪɚɳɟɧɢɟ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ, ɜɵɪɚɠɚɟɬɫɹ 
ɫɥɟɞɭɸɳɢɦɢ ɮɨɪɦɭɥɚɦɢ (R – ɪɚɞɢɭɫ ɨɤɪɭɠɧɨɫɬɢ ɜɪɚɳɟɧɢɹ): 
ɩɭɬɶ, ɩɪɨɣɞɟɧɧɵɣ ɬɨɱɤɨɣ ɩɨ ɞɭɝɟ ɨɤɪɭɠɧɨɫɬɢ, ɟɫɥɢ φ − ɭɝɨɥ ɩɨɜɨɪɨɬɚ: 

s=φR,      (23) 
ɫɤɨɪɨɫɬɶ ɬɨɱɤɢ ɥɢɧɟɣɧɚɹ:  𝑣 = 𝜔ܴ, 𝒗 = [𝝎ࡾ],    (24) 
ɬɚɧɝɟɧɰɢɚɥɶɧɚɹ ɫɨɫɬɚɜɥɹɸɳɚɹ ɭɫɤɨɪɟɧɢɹ: 

( )υd d R d
a R R

dt dt dt


 
     ; 𝒂𝝉 = [𝜺ࡾ],               (25) 

ɧɨɪɦɚɥɶɧɚɹ ɫɨɫɬɚɜɥɹɸɳɚɹ ɭɫɤɨɪɟɧɢɹ:  

   2 22 2υ 2 2
n

a R R R R T      
,
 𝒂࢔ = −[𝝎૛ࡾ].      (26)   

 

1.2. ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɬɢɩɨɜɵɯ ɡɚɞɚɱ 

Ɂɚɞɚɱɚ 1.1. Ⱦɜɢɠɟɧɢɟ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ ɡɚɞɚɧɨ ɭɪɚɜɧɟɧɢɟɦ  
x(t) = At + Bt2, ɝɞɟ А = 4 ɦ/ɫ, В = -0,05 ɦ/ɫ2. Ɉɩɪɟɞɟɥɢɬɶ ɤɨɨɪɞɢɧɚɬɭ ɜ 

ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ, ɜ ɤɨɬɨɪɵɣ ɫɤɨɪɨɫɬɶ v ɬɨɱɤɢ ɪɚɜɧɚ ɧɭɥɸ [1 ɛɚɥɥ].  
Дɚɧɨ: 

x = At + Bt2 

A = 4 ɦ/ɫ 
В = - 0,05 ɦ/ɫ2 

v(Ĳ) = 0 

Ɋɟɲɟɧɢɟ:   
Ɇɝɧɨɜɟɧɧɭɸ ɫɤɨɪɨɫɬɶ ɜ ɩɪɨɢɡɜɨɥɶɧɵɣ ɦɨɦɟɧɬ 

ɜɪɟɦɟɧɢ ɧɚɣɞɟɦ ɤɚɤ ɩɟɪɜɭɸ ɩɪɨɢɡɜɨɞɧɭɸ ɨɬ ɤɨɨɪɞɢɧɚɬɵ 
ɩɨ ɜɪɟɦɟɧɢ:   v(t) = x'(t) = A + 2Bt. 

Ɍ.ɤ. ɫɤɨɪɨɫɬɶ ɜ ɧɟɤɨɬɨɪɵɣ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ τ ɪɚɜɧɚ 
ɧɭɥɸ  v(Ĳ) = A + 2BĲ = 0, ɬɨ ɜɪɟɦɹ  Ĳ = - 

B

A

2
. ɯ (Ĳ) − ?  

ɉɨɞɫɬɚɜɢɦ ɩɨɥɭɱɟɧɧɨɟ ɡɧɚɱɟɧɢɟ ɜɪɟɦɟɧɢ ɜ ɭɪɚɜɧɟɧɢɟ ɞɜɢɠɟɧɢɹ: 
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x(Ĳ) = A·(- 
B

A

2
) + B·(- 

B

A

2
)2 = -

B

A

2

2

 + 
2

2

4B

BA
 = 

B

A

B

A

44

2 22

  =
B

A

4

2

. 

ɂɫɩɨɥɶɡɭɹ ɱɢɫɥɟɧɧɵɟ ɭɫɥɨɜɢɹ ɡɚɞɚɱɢ, ɩɨɥɭɱɚɟɦ ɢɫɤɨɦɭɸ ɤɨɨɪɞɢɧɚɬɭ: 
x(Ĳ) = 80 ɦ. 

Ɉɬɜɟɬ:     x(Ĳ) =  
B

A

4

2
 = 80 ɦ. 

Ɂɚɞɚɱɚ 1.2. Ⱦɜɢɠɟɧɢɟ ɬɨɱɤɢ ɩɨ ɩɪɹɦɨɣ ɡɚɞɚɧɨ ɭɪɚɜɧɟɧɢɟɦ  
x = At + Bt2, ɝɞɟ  A = 2 ɦ/ɫ, В = -0,5 ɦ/ɫ2. Ɉɩɪɟɞɟɥɢɬɶ ɫɪɟɞɧɸɸ ɩɭɬɟɜɭɸ 
ɫɤɨɪɨɫɬɶ <v> ɞɜɢɠɟɧɢɹ ɬɨɱɤɢ ɜ ɢɧɬɟɪɜɚɥɟ ɜɪɟɦɟɧɢ ɨɬ t1 = 1 ɫ ɞɨ t2= 3 ɫ   
[1 ɛɚɥɥ]. 

Дɚɧɨ: 

x = At + Bt2 

A = 2 ɦ/ɫ 
В = - 0,5 ɦ/ɫ2 

t1 = 1 c 
t2 = 3 c 

Ɋɟɲɟɧɢɟ: 
ɋɪɟɞɧɸɸ ɩɭɬɟɜɭɸ ɫɤɨɪɨɫɬɶ ɧɚɣɞɟɦ ɢɡ ɜɵɪɚɠɟɧɢɹ: 

<v> = 
12 tt

S


,  

ɝɞɟ S − ɩɭɬɶ, ɩɪɨɣɞɟɧɧɵɣ ɬɨɱɤɨɣ ɡɚ ɜɪɟɦɹ ɨɬ t1 ɞɨ t2.  
ɉɨɫɬɪɨɢɦ ɝɪɚɮɢɤ ɡɚɜɢɫɢɦɨɫɬɢ  x ɨɬ t  ɢ  S ɨɬ t: 

ɧɚɣɞɟɦ ɯɚɪɚɤɬɟɪɧɵɟ ɡɧɚɱɟɧɢɹ ɤɨɨɪɞɢɧɚɬɵ − ɧɚɱɚɥɶɧɨɟ ɢ <v> − ? 

ɦɚɤɫɢɦɚɥɶɧɨɟ, ɢ ɦɨɦɟɧɬɵ ɜɪɟɦɟɧɢ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɭɤɚɡɚɧɧɵɦ 
ɤɨɨɪɞɢɧɚɬɚɦ ɢ ɤɨɨɪɞɢɧɚɬɟ, ɪɚɜɧɨɣ ɧɭɥɸ. 

ɇɚɱɚɥɶɧɚɹ ɤɨɨɪɞɢɧɚɬɚ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɦɨɦɟɧɬɭ t = 0: 

x0=x|t=0=0 ɦ. 
Ɇɚɤɫɢɦɚɥɶɧɨɝɨ ɡɧɚɱɟɧɢɹ ɤɨɨɪɞɢɧɚɬɚ ɞɨɫɬɢɝɚɟɬ ɜ ɬɨɬ ɦɨɦɟɧɬ, ɤɨɝɞɚ 

ɬɨɱɤɚ ɧɚɱɢɧɚɟɬ ɞɜɢɝɚɬɶɫɹ ɨɛɪɚɬɧɨ (ɫɤɨɪɨɫɬɶ ɦɟɧɹɟɬ ɡɧɚɤ ɢ ɪɚɜɧɚ ɧɭɥɸ). 
ɗɬɨɬ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ ɧɚɣɞɟɦ, ɩɪɢɪɚɜɧɹɜ ɧɭɥɸ ɩɟɪɜɭɸ ɩɪɨɢɡɜɨɞɧɭɸ ɨɬ 
ɤɨɨɪɞɢɧɚɬɵ ɩɨ ɜɪɟɦɟɧɢ: 

,02  ВtА
dt

dx
v  ɨɬɤɭɞɚ tmax = −А/2В = 2 ɫ.   

Ɇɚɤɫɢɦɚɥɶɧɚɹ ɤɨɨɪɞɢɧɚɬɚ xmax=x/t=2 = 2 ɦ. 
Ɇɨɦɟɧɬ ɜɪɟɦɟɧɢ t, ɤɨɝɞɚ ɤɨɨɪɞɢɧɚɬɚ ɯ=0, ɧɚɣɞɟɦ ɢɡ ɜɵɪɚɠɟɧɢɹ  
x = At + Bt2=0. 
Ɋɟɲɢɦ ɩɨɥɭɱɟɧɧɨɟ ɭɪɚɜɧɟɧɢɟ ɨɬɧɨɫɢɬɟɥɶɧɨ t: 
t·(A+Bt)=0,  

t0 = 0, t3 = -A/B = 4 c.
 

ɇɚɣɞɟɦ ɟɳɟ ɞɜɚ ɡɧɚɱɟɧɢɹ ɤɨɨɪɞɢɧɚɬɵ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɦɨɦɟɧɬɚɦ 
t1 = l ɫ ɢ t2 = 3 ɫ: 

x1 = Аt1 + Bt1
2 = 1,5 ɦ, x2 = Аt2 + Bt2

2 = 1,5 ɦ.  
ɉɨɥɭɱɟɧɧɵɟ ɞɚɧɧɵɟ ɩɪɟɞɫɬɚɜɢɦ ɜ ɜɢɞɟ ɬɚɛɥɢɰɵ: 
ȼɪɟɦɹ t, ɫ t0 = 0 t1 = 1 tmax = 2 t2 = 3 t3 = 4 

Ʉɨɨɪɞɢɧɚɬɚ x (t), ɦ x0 = 0 x1 = 1,5 xmax = 2 x2 = 1,5 x3 = 0 
ɉɭɬɶ S (t), ɦ 0 1,5 2 2,5 4 

ɉɨɫɬɪɨɢɦ ɝɪɚɮɢɤ ɡɚɜɢɫɢɦɨɫɬɢ ɤɨɨɪɞɢɧɚɬɵ ɨɬ ɜɪɟɦɟɧɢ (ɪɢɫ. 2). 
Ƚɪɚɮɢɤ ɩɭɬɢ ɩɨɫɬɪɨɢɦ, ɢɫɯɨɞɹ ɢɡ ɫɥɟɞɭɸɳɢɯ ɫɨɨɛɪɚɠɟɧɢɣ: 
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1) ɩɭɬɶ ɢ ɤɨɨɪɞɢɧɚɬɚ ɞɨ ɦɨɦɟɧɬɚ 
ɢɡɦɟɧɟɧɢɹ ɡɧɚɤɚ ɫɤɨɪɨɫɬɢ ɫɨɜɩɚɞɚɸɬ;   
2) ɧɚɱɢɧɚɹ ɫ ɦɨɦɟɧɬɚ ɜɨɡɜɪɚɬɚ (tmax) ɬɨɱɤɢ 
ɨɧɚ ɞɜɢɠɟɬɫɹ ɜ ɨɛɪɚɬɧɨɦ ɧɚɩɪɚɜɥɟɧɢɢ ɢ, 
ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɤɨɨɪɞɢɧɚɬɚ ɟɟ ɭɛɵɜɚɟɬ, ɚ 
ɩɭɬɶ ɩɪɨɞɨɥɠɚɟɬ ɜɨɡɪɚɫɬɚɬɶ ɩɨ ɬɨɦɭ ɠɟ 
ɡɚɤɨɧɭ, ɩɨ ɤɨɬɨɪɨɦɭ ɭɛɵɜɚɟɬ ɤɨɨɪɞɢɧɚɬɚ. 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɝɪɚɮɢɤ ɩɭɬɢ ɞɨ ɦɨɦɟɧɬɚ 
ɜɪɟɦɟɧɢ tmax = 2 ɫ ɫɨɜɩɚɞɚɟɬ ɫ ɝɪɚɮɢɤɨɦ 
ɤɨɨɪɞɢɧɚɬɵ, ɚ ɧɚɱɢɧɚɹ ɫ ɷɬɨɝɨ ɦɨɦɟɧɬɚ ɹɜ-
ɥɹɟɬɫɹ ɡɟɪɤɚɥɶɧɵɦ ɨɬɨɛɪɚɠɟɧɢɟɦ ɝɪɚɮɢɤɚ 
ɤɨɨɪɞɢɧɚɬɵ. 

ɂɡ ɝɪɚɮɢɤɚ ɜɢɞɧɨ, ɱɬɨ ɩɭɬɶ ɫɤɥɚɞɵɜɚɟɬɫɹ 
ɢɡ ɞɜɭɯ ɨɬɪɟɡɤɨɜ ɩɭɬɢ:  

S1= xmax − x1, ɤɨɬɨɪɵɣ ɬɨɱɤɚ ɩɪɨɲɥɚ ɡɚ ɢɧɬɟɪɜɚɥ ɜɪɟɦɟɧɢ tmax − t1,  
ɢ S2 = xmax − x2, ɤɨɬɨɪɵɣ ɨɧɚ ɩɪɨɲɥɚ ɡɚ ɢɧɬɟɪɜɚɥ t2 − tmax. 

 Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɩɭɬɶ 
S = S1 + S2 = (xmax − x1) + (xmax− x2) = 2−1,5 + 2−1,5 = 0,5 + 0,5 = 1 ɦ. 
     Ɍɨɝɞɚ ɢɫɤɨɦɚɹ ɫɪɟɞɧɹɹ ɩɭɬɟɜɚɹ ɫɤɨɪɨɫɬɶ 
<v> = 1 ɦ /(3−1) ɫ = 0,5 ɦ/ɫ.      

Ɉɬɜɟɬ:  <v> =  0,5 ɦ/ɫ.      
 

Ɂɚɞɚɱɚ 1.3. Ⱦɜɢɠɟɧɢɟ ɬɨɱɤɢ ɩɨ ɤɪɢɜɨɣ ɡɚɞɚɧɨ ɭɪɚɜɧɟɧɢɟɦ 
ɡɚɜɢɫɢɦɨɫɬɢ ɪɚɞɢɭɫ-ɜɟɤɬɨɪɚ r ɞɜɢɠɭɳɟɣɫɹ ɬɨɱɤɢ ɨɬ ɜɪɟɦɟɧɢ  

r


= i


 A1 t3 + j


A2 t, ɝɞɟ Ⱥ1 = 1 ɦ/ɫ3,  Ⱥ2= 16 ɦ/ɫ. ɇɚɣɬɢ, ɜ ɤɚɤɨɣ ɦɨɦɟɧɬ 
ɜɪɟɦɟɧɢ ɫɤɨɪɨɫɬɶ ɪɚɜɧɚ 20 ɦ/ɫ? [3 ɛɚɥɥɚ]  
Дɚɧɨ: 
r


= i


 A1 t3 + j


A2 t 

А1 = 1 ɦ/ɫ3 

А2 = 16 ɦ/ɫ 
v = 20 ɦ/ɫ  

Ɋɟɲɟɧɢɟ: 
Ɋɚɞɢɭɫ-ɜɟɤɬɨɪ ɦɨɠɟɬ ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧ ɱɟɪɟɡ 

ɩɪɨɟɤɰɢɢ ɧɚ ɨɫɢ ɤɨɨɪɞɢɧɚɬ: 
r


= i


 ɯ + j


y, 

ɝɞɟ ɯ ɢ ɭ – ɤɨɨɪɞɢɧɚɬɵ ɬɨɱɤɢ ɜ ɩɪɨɢɡɜɨɥɶɧɵɣ ɦɨɦɟɧɬ 
ɜɪɟɦɟɧɢ. ɉɨɷɬɨɦɭ: x = rx = A1 t3    ɢ     y = ry = A2 t.  t − ? 

ɉɪɨɟɤɰɢɢ ɫɤɨɪɨɫɬɢ ɧɚ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɨɫɢ ɧɚɯɨɞɢɦ ɤɚɤ 
ɩɪɨɢɡɜɨɞɧɵɟ ɨɬ ɤɨɨɪɞɢɧɚɬ ɩɨ ɜɪɟɦɟɧɢ (ɪɢɫ. 3): 

vx = ɯ' = 3 A1 t2     ɢ     vy = ɭ' = A2 .  

Ɇɨɞɭɥɶ ɫɤɨɪɨɫɬɢ      v = 22
yx vv  ,  

ɨɬɤɭɞɚ v2 = 9A1
2
 t4 + A2

2,  
2
2

2
Av  = 3A1 t2, t =

1

2

2

2 3/)( AAv  . 

ɉɨɞɫɬɚɜɥɹɹ ɱɢɫɥɟɧɧɵɟ ɡɧɚɱɟɧɢɹ, ɩɨɥɭɱɚɟɦ t  = 2 c. 

Ɉɬɜɟɬ: t =
1

2

2

2 3/)( AAv  = 2 ɫ. 

Ɋɢɫ. 2 

ɭ 

         vy      v 

            

 

x 0          Ɋɢɫ. 3 
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Ɂɚɞɚɱɚ 1.4. Ɍɨɱɤɚ ɞɜɢɠɟɬɫɹ ɢɡ ɧɚɱɚɥɚ ɤɨɨɪɞɢɧɚɬ ɫɨ ɫɤɨɪɨɫɬɶɸ 
2

21 tAjtAiv


 , ɝɞɟ A1 = 16 ɦ/ɫ2 ɢ A2 = −9 ɦ/ɫ. ɇɚ ɤɚɤɨɦ ɪɚɫɫɬɨɹɧɢɢ ɨɬ 
ɧɚɱɚɥɚ ɤɨɨɪɞɢɧɚɬ ɧɚɯɨɞɢɬɫɹ ɬɨɱɤɚ ɱɟɪɟɡ 2 ɫ? [3 ɛɚɥɥɚ]  
Дɚɧɨ: 

2
21 tAjtAiv


  

А1 = 16 ɦ/ɫ2 

А2= −9 ɦ/ɫ3 

t = 2 ɫ  

Ɋɟɲɟɧɢɟ: 
Ɋɚɫɫɬɨɹɧɢɟ ɨɬ ɧɚɱɚɥɚ ɤɨɨɪɞɢɧɚɬ ɫɨɨɬɜɟɬɫɬɜɭɟɬ 

ɦɨɞɭɥɸ ɪɚɞɢɭɫ-ɜɟɤɬɨɪɚ. 
Ɋɚɞɢɭɫ-ɜɟɤɬɨɪ ɢ ɫɤɨɪɨɫɬɶ ɫɜɹɡɚɧɵ ɫɨɨɬɧɨɲɟɧɢɟɦ 𝒗 = ௗ𝒓ௗ௧ = 𝑣௫࢏ + 𝑣௬࢐ +  .𝑣௭࢑

ɉɨ ɭɫɥɨɜɢɹɦ ɡɚɞɚɱɢ ɩɪɨɟɤɰɢɢ ɫɤɨɪɨɫɬɢ ɧɚ ɨɫɢ r − ? 

ɤɨɨɪɞɢɧɚɬ ɪɚɜɧɵ:               vx =  A1 t   ɢ   vy = A2 t2. 

ɉɪɨɟɤɰɢɢ ɪɚɞɢɭɫ-ɜɟɤɬɨɪɚ ɧɚ ɨɫɢ ɤɨɨɪɞɢɧɚɬ ɧɚɣɞɟɦ ɤɚɤ ɢɧɬɟɝɪɚɥ ɨɬ 
ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɣ ɩɪɨɟɤɰɢɢ ɫɤɨɪɨɫɬɢ ɩɨ ɜɪɟɦɟɧɢ: 

rx = 
2

2

11

t
AtdtAdtvx   ,          ry = dttAdtv

y

2

2  =  .
3

3

2
tA

 

Ɇɨɞɭɥɶ ɪɚɞɢɭɫ-ɜɟɤɬɨɪɚ: r = .
94

6
2

2

4
2

1

22 t
A

t
Arr

yx
  

ɉɨɞɫɬɚɜɥɹɹ ɱɢɫɥɟɧɧɵɟ ɡɧɚɱɟɧɢɹ, ɩɨɥɭɱɚɟɦ  

r = 
9

64
81

4

16
256   = 6494256  = 40 ɦ.  

Ɉɬɜɟɬ: ɪɚɫɫɬɨɹɧɢɟ ɨɬ ɧɚɱɚɥɚ ɤɨɨɪɞɢɧɚɬ ɪɚɜɧɨ 40 ɦ. 
 

Ɂɚɞɚɱɚ 1.5. ɉɢɫɬɨɥɟɬɧɚɹ ɩɭɥɹ ɩɪɨɛɢɥɚ ɞɜɚ ɜɟɪɬɢɤɚɥɶɧɨ 
ɡɚɤɪɟɩɥɟɧɧɵɯ ɥɢɫɬɚ ɛɭɦɚɝɢ, ɪɚɫɫɬɨɹɧɢɟ l ɦɟɠɞɭ ɤɨɬɨɪɵɦɢ ɪɚɜɧɨ 30 ɦ. 
ɉɪɨɛɨɢɧɚ ɜɨ ɜɬɨɪɨɦ ɥɢɫɬɟ ɨɤɚɡɚɥɚɫɶ ɧɚ h = 10 ɫɦ ɧɢɠɟ, ɱɟɦ ɜ ɩɟɪɜɨɦ. 
Ɉɩɪɟɞɟɥɢɬɶ ɧɚɱɚɥɶɧɭɸ ɫɤɨɪɨɫɬɶ 𝑣଴ ɩɭɥɢ, ɟɫɥɢ ɤ ɩɟɪɜɨɦɭ ɥɢɫɬɭ ɨɧɚ 
ɩɨɞɥɟɬɟɥɚ, ɞɜɢɝɚɹɫɶ ɝɨɪɢɡɨɧɬɚɥɶɧɨ [2 ɛɚɥɥɚ].  
Дɚɧɨ: 

l = 30 ɦ 
h = 10 ɫɦ 

Ɋɟɲɟɧɢɟ: 
Ⱦɜɢɠɟɧɢɟ ɬɟɥɚ ɩɨɞ ɞɟɣɫɬɜɢɟɦ ɫɢɥɵ ɬɹɠɟɫɬɢ ɹɜɥɹɟɬɫɹ 

ɪɚɜɧɨɩɟɪɟɦɟɧɧɵɦ, ɬɚɤ ɤɚɤ ɬɟɥɨ ɞɜɢɠɟɬɫɹ ɫ ɩɨɫɬɨɹɧɧɵɦ 
ɭɫɤɨɪɟɧɢɟɦ a = g ɫɜɨɛɨɞɧɨɝɨ ɩɚɞɟɧɢɹ. 𝑣଴ − ? 

Ɉɫɧɨɜɧɨɟ ɜɟɤɬɨɪɧɨɟ ɭɪɚɜɧɟɧɢɟ ɪɚɜɧɨɩɟɪɟɦɟɧɧɨɝɨ ɞɜɢɠɟɧɢɹ ɢɦɟɟɬ ɜɢɞ 
(12):                                          ∆𝒓 = 𝒗૙ݐ + 𝒈௧మଶ , 𝒗 = 𝒗૙ + 𝒈ݐ  . 
ȼɜɟɞɟɦ ɤɨɨɪɞɢɧɚɬɧɵɟ ɨɫɢ, ɧɚɩɪɚɜɥɟɧɧɵɟ ɝɨɪɢɡɨɧɬɚɥɶɧɨ (Ɉɯ) ɢ 
ɜɟɪɬɢɤɚɥɶɧɨ ɜɧɢɡ (Ɉɭ), ɢ ɫɨɜɦɟɫɬɢɦ ɧɚɱɚɥɨ ɤɨɨɪɞɢɧɚɬ ɫ ɩɪɨɛɨɢɧɨɣ ɨɬ 
ɩɭɥɢ ɜ ɩɟɪɜɨɦ ɥɢɫɬɟ, ɱɬɨ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɧɚɱɚɥɶɧɨɦɭ ɦɨɦɟɧɬɭ ɜɪɟɦɟɧɢ 
(ɪɢɫ. 4). Ɍɨɝɞɚ, ɫ ɭɱɟɬɨɦ ݃௫ = Ͳ, ݃௬ = ݃, 𝑣଴௫ = 𝑣଴, 𝑣଴௬ = Ͳ ɜ ɫɤɚɥɹɪɧɨɣ 
ɮɨɪɦɟ ɭɪɚɜɧɟɧɢɹ ɞɜɢɠɟɧɢɹ ɩɪɢɦɭɬ ɜɢɞ:           𝑣௫ = 𝑣଴, ݔ = 𝑣଴ݐ, 𝑣௬ = ,ݐ݃ ݕ = 𝑔௧మଶ  . 
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Ɍɚɤ ɤɚɤ ɩɭɥɹ ɩɪɨɛɢɥɚ ɜɬɨɪɨɣ ɥɢɫɬ ɛɭɦɚɝɢ ɧɚ h ɧɢɠɟ, ɚ ɪɚɫɫɬɨɹɧɢɟ 
ɦɟɠɞɭ ɥɢɫɬɚɦɢ ɪɚɜɧɨ l, ɬɨ ɩɟɪɟɦɟɳɟɧɢɟ ɩɨ ɨɫɢ Ox ɢ Oy ɡɚ ɜɪɟɦɹ ɩɨɥɟɬɚ 
ɦɟɠɞɭ ɥɢɫɬɚɦɢ: 

x = l, y = h. 

Ɍɨɝɞɚ l = v0t, h = gt2/2. 
ɂɡ ɩɨɫɥɟɞɧɟɝɨ ɪɚɜɟɧɫɬɜɚ ɧɚɣɞɟɦ ɜɪɟɦɹ ɞɜɢɠɟɧɢɹ ɦɟɠɞɭ ɥɢɫɬɚɦɢ: 

g

h
t

2
 , ɬɨɝɞɚ 

h

g
l

g

h

l

t

l
v

22
0  . 

ɉɨɞɫɬɚɜɢɜ ɱɢɫɥɨɜɵɟ ɡɧɚɱɟɧɢɹ, ɩɨɥɭɱɢɦ: 

0v  
2

300

1,02

1030





 ≈ 212 ɦ/ɫ. 

Ɉɬɜɟɬ: 𝑣଴ = 212 ɦ/ɫ. 
 

Ɂɚɞɚɱɚ 1.6. ɋ ɤɚɤɨɣ ɫɤɨɪɨɫɬɶɸ ɬɟɥɨ ɛɪɨɲɟɧɨ ɩɨɞ ɭɝɥɨɦ ɤ ɝɨɪɢɡɨɧɬɭ, 
ɟɫɥɢ ɜ ɧɚɱɚɥɶɧɵɣ ɦɨɦɟɧɬ ɞɜɢɠɟɧɢɹ ɬɚɧɝɟɧɰɢɚɥɶɧɨɟ ɭɫɤɨɪɟɧɢɟ aĲ = 8 ɦ/ɫ, 
ɚ ɪɚɞɢɭɫ ɤɪɢɜɢɡɧɵ ɬɪɚɟɤɬɨɪɢɢ R = 24 ɦ? [2 ɛɚɥɥɚ]  
Дɚɧɨ: 
aĲ = 8 ɦ/ɫ  

R = 24 ɦ 

Ɋɟɲɟɧɢɟ: 
Ɍɟɥɨ ɞɜɢɠɟɬɫɹ ɜ ɩɨɥɟ ɡɟɦɧɨɝɨ ɬɹɝɨɬɟɧɢɹ, ɩɨɷɬɨɦɭ 

ɩɨɥɧɨɟ ɭɫɤɨɪɟɧɢɟ ɜ ɥɸɛɨɣ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ ɪɚɜɧɨ 
ɭɫɤɨɪɟɧɢɸ ɫɜɨɛɨɞɧɨɝɨ ɩɚɞɟɧɢɹ g (ɪɢɫ. 5).

 
v – ? 

Ɋɚɡɥɨɠɢɜ ɜɟɤɬɨɪ ɧɚ ɫɨɫɬɚɜɥɹɸɳɢɟ ɩɨ 
ɤɚɫɚɬɟɥɶɧɨɦɭ ɢ ɧɨɪɦɚɥɶɧɨɦɭ ɧɚɩɪɚɜɥɟɧɢɹɦ ɤ 
ɬɪɚɟɤɬɨɪɢɢ ɜ ɬɨɱɤɟ ɧɚɱɚɥɚ ɞɜɢɠɟɧɢɹ, ɩɨɥɭɱɢɦ:  

22
aag n 

. 
Ɋɚɞɢɭɫ ɤɪɢɜɢɡɧɵ ɬɪɚɟɤɬɨɪɢɢ ɜ ɞɚɧɧɨɣ ɬɨɱɤɟ 

ɫɜɹɡɚɧ ɫ ɧɨɪɦɚɥɶɧɵɦ ɭɫɤɨɪɟɧɢɟɦ ɫɨɨɬɧɨɲɟɧɢɟɦ: 
2υ

n
a

R


. 
Ɋɟɲɚɹ ɫɨɜɦɟɫɬɧɨ ɷɬɢ ɭɪɚɜɧɟɧɢɹ ɨɬɧɨɫɢɬɟɥɶɧɨ υ, ɩɨɥɭɱɚɟɦ: 

nRav  ;        22
agan  ; 22

agRv  . 

ɂɫɩɨɥɶɡɭɹ ɱɢɫɥɟɧɧɵɟ ɞɚɧɧɵɟ ɡɚɞɚɱɢ, ɩɨɥɭɱɚɟɦ:  

1281024 22 v ɦ/ɫ. 
Ɉɬɜɟɬ: 12v  ɦ/ɫ. 

 
Ɋɢɫ. 4 

 
Ɋɢɫ. 5 
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Ɂɚɞɚɱɚ 1.7. Ʉɨɥɟɫɨ ɚɜɬɨɦɚɲɢɧɵ ɜɪɚɳɚɟɬɫɹ ɪɚɜɧɨɭɫɤɨɪɟɧɧɨ. ɋɞɟɥɚɜ 
N =50 ɩɨɥɧɵɯ ɨɛɨɪɨɬɨɜ, ɨɧɨ ɢɡɦɟɧɢɥɨ ɱɚɫɬɨɬɭ ɜɪɚɳɟɧɢɹ ɨɬ ɩ1 = 4 ɫ-1 ɞɨ 
ɩ2 = 6 ɫ-1. Ɉɩɪɟɞɟɥɢɬɶ ɭɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ ε ɤɨɥɟɫɚ [1 ɛɚɥɥ].  
Дɚɧɨ: 
N =50 
ɩ1 = 4 ɫ-1   
n2 = 6 ɫ-1 

Ɋɟɲɟɧɢɟ: 
Ɍɚɤ ɤɚɤ ɤɨɥɟɫɨ ɜɪɚɳɚɟɬɫɹ ɪɚɜɧɨɭɫɤɨɪɟɧɧɨ, ɬɨ ɫɜɹɡɶ 

ɦɟɠɞɭ ɜɟɥɢɱɢɧɚɦɢ ɭɝɥɨɜɨɣ ɫɤɨɪɨɫɬɢ ɢ ɭɝɥɨɜɨɝɨ ɭɫɤɨɪɟɧɢɹ 
ɧɚɣɞɟɦ ɢɡ ɮɨɪɦɭɥ ɪɚɜɧɨɩɟɪɟɦɟɧɧɨɝɨ ɜɪɚɳɟɧɢɹ (20) – (21), 
ɢɫɤɥɸɱɢɜ ɢɡ ɧɢɯ ɜɪɟɦɹ:           ε – ? 

ε = .
2

2

0

2



ww 
  

ɉɨɫɤɨɥɶɤɭ ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ɫɜɹɡɚɧɚ ɫ ɱɚɫɬɨɬɨɣ ɜɪɚɳɟɧɢɹ 
ɫɨɨɬɧɨɲɟɧɢɟɦ:   

ω = 2π· n, 
ɚ ɭɝɨɥ ɩɨɜɨɪɨɬɚ φ = 2π · N, ɬɨ ɭɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ ɪɚɜɧɨ: 

ε = 
N

nn )( 2
1

2
2 

 . 

ɂɫɩɨɥɶɡɭɹ ɱɢɫɥɟɧɧɵɟ ɞɚɧɧɵɟ ɡɚɞɚɱɢ, ɩɨɥɭɱɚɟɦ: 

ε = 
50

)46(14,3 22 
 = 1,26 ɪɚɞ/ɫ2. 

Ɂɚɦɟɱɚɧɢɟ: ɪɟɲɟɧɢɟ ɦɨɠɧɨ ɩɪɨɜɨɞɢɬɶ ɫ ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ ɞɪɭɝɢɯ 
ɮɨɪɦɭɥ, ɫɜɹɡɵɜɚɸɳɢɯ ɭɝɥɨɜɵɟ ɜɟɥɢɱɢɧɵ. Ɍɨɝɞɚ 

ε =
t

ww
2
0

2 

,
 ω = 2π· n, ,

t

N
n   

2
21 nn

n


 .
2

)()(2 2112 nn

N

nn 





  

ɉɪɢɯɨɞɢɦ ɤ ɬɨɦɭ ɠɟ ɪɟɡɭɥɶɬɚɬɭ: ε = 
N

nn )( 2
1

2
2 

 =  1,26 ɪɚɞ/ɫ2. 

Ɉɬɜɟɬ: ε =  1,26 ɪɚɞ/ɫ2. 
 

1.3. Ɂɚɞɚɱɢ ɞɥɹ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɝɨ ɪɟɲɟɧɢɹ 

1. Ɍɨɱɤɚ ɞɜɢɠɟɬɫɹ ɩɨ ɩɪɹɦɨɣ ɫɨɝɥɚɫɧɨ ɭɪɚɜɧɟɧɢɸ x=At+Bt2+Ct3, ɝɞɟ 
A = 6 ɦ/ɫ, В = -6 ɦ/ɫ2, ɋ = 4 ɦ/ɫ3. ɇɚɣɬɢ ɫɤɨɪɨɫɬɶ ɜ ɦɨɦɟɧɬ, ɤɨɝɞɚ 
ɭɫɤɨɪɟɧɢɟ ɪɚɜɧɨ ɧɭɥɸ [1 ɛɚɥɥ]. Ɉɬɜɟɬ: 3,0 ɦ/ɫ. 
2. Ⱦɜɢɠɟɧɢɟ ɬɨɱɤɢ ɩɨ ɤɪɢɜɨɣ ɡɚɞɚɧɨ ɭɪɚɜɧɟɧɢɟɦ 3 2

1 2 2
( )r iAt j A t B t   , 

ɝɞɟ A1 = l ɦ/ɫ3, A2 = -1 ɦ/ɫ2 ɢ B2 = 4 ɦ/ɫ. ɇɚɣɬɢ ɫɤɨɪɨɫɬɶ v ɜ ɬɨɬ ɦɨɦɟɧɬ 
ɜɪɟɦɟɧɢ, ɤɨɝɞɚ ɨɧɚ ɩɚɪɚɥɥɟɥɶɧɚ ɨɫɢ Ɉɏ  [3 ɛɚɥɥɚ]. Ɉɬɜɟɬ: 12 ɦ/ɫ. 
3. Ɍɟɥɨ ɛɪɨɲɟɧɨ ɩɨɞ ɭɝɥɨɦ α ɤ ɝɨɪɢɡɨɧɬɭ. Ɉɤɚɡɚɥɨɫɶ, ɱɬɨ 
ɝɨɪɢɡɨɧɬɚɥɶɧɚɹ ɞɚɥɶɧɨɫɬɶ s ɩɨɥɟɬɚ ɬɟɥɚ ɜ ɱɟɬɵɪɟ ɪɚɡɚ ɛɨɥɶɲɟ 
ɦɚɤɫɢɦɚɥɶɧɨɣ ɜɵɫɨɬɵ h ɬɪɚɟɤɬɨɪɢɢ. ɉɪɟɧɟɛɪɟɝɚɹ ɫɨɩɪɨɬɢɜɥɟɧɢɟɦ 
ɜɨɡɞɭɯɚ, ɨɩɪɟɞɟɥɢɬɶ ɭɝɨɥ ɛɪɨɫɤɚ ɤ ɝɨɪɢɡɨɧɬɭ [2 ɛɚɥɥɚ]. Ɉɬɜɟɬ: 45°. 
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4. ɉɨɞ ɤɚɤɢɦ ɭɝɥɨɦ ɤ ɝɨɪɢɡɨɧɬɭ ɧɚɞɨ ɛɪɨɫɢɬɶ ɲɚɪɢɤ, ɱɬɨɛɵ ɰɟɧɬɪ 
ɤɪɢɜɢɡɧɵ ɜɟɪɲɢɧɵ ɬɪɚɟɤɬɨɪɢɢ ɧɚɯɨɞɢɥɫɹ ɧɚ ɡɟɦɧɨɣ ɩɨɜɟɪɯɧɨɫɬɢ [2 
ɛɚɥɥɚ]? Ɉɬɜɟɬ: 54,8   . 

5. ɇɚɣɬɢ ɭɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ ɞɢɫɤɚ, ɟɫɥɢ ɜ ɬɨɬ ɦɨɦɟɧɬ, ɤɨɝɞɚ ɟɝɨ 
ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ω = 2 ɪɚɞ/ɫ, ɭɝɨɥ ɦɟɠɞɭ ɜɟɤɬɨɪɚɦɢ ɫɤɨɪɨɫɬɢ ɢ 
ɭɫɤɨɪɟɧɢɹ α = 30° [1 ɛɚɥɥ]. Ɉɬɜɟɬ: 6,9 ɪɚɞ/ɫ2. 

 

1.4. Ɋɟɤɨɦɟɧɞɭɟɦɚɹ ɥɢɬɟɪɚɬɭɪɚ ɩɨ ɬɟɦɟ 

1. ɑɟɪɬɨɜ Ⱥ.Ƚ., ȼɨɪɨɛɶɟɜ Ⱥ.Ⱥ. Ɂɚɞɚɱɧɢɤ ɩɨ ɮɢɡɢɤɟ. Ɇ.: Ɏɢɡɦɚɬɥɢɬ, 
2007. §1. Ɂɚɞɚɱɢ 1.1 – 1.61. 

2. Ɍɪɨɮɢɦɨɜɚ Ɍ.ɂ. ɋɛɨɪɧɢɤ ɡɚɞɚɱ ɩɨ ɤɭɪɫɭ ɮɢɡɢɤɢ. Ɇ.: ȼɵɫɲ. ɲɤ., 
2008. §1.1. Ɂɚɞɚɱɢ 1.7 – 1.42. 

3. Ⱦɟɬɥɚɮ Ⱥ.Ⱥ., əɜɨɪɫɤɢɣ Ȼ.Ɇ. Ʉɭɪɫ ɮɢɡɢɤɢ. Ɇ., 2008.  
 

Ɍɟɦɚ 2. ɐȿɇɌɊ ɆȺɋɋ. ɆɈɆȿɇɌ ɂɇȿɊɐɂɂ 

ȼ ɤɨɧɬɪɨɥɶɧɨɣ ɪɚɛɨɬɟ ɩɨ ɬɟɦɟ «ɐɟɧɬɪ ɦɚɫɫ. Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ» 
ɧɟɨɛɯɨɞɢɦɨ ɪɟɲɢɬɶ ɡɚɞɚɱɢ ɩɨ ɫɥɟɞɭɸɳɢɦ ɨɫɧɨɜɧɵɦ ɬɟɦɚɬɢɤɚɦ: 
1. ɐɟɧɬɪ ɦɚɫɫ ɫɢɫɬɟɦɵ ɦɚɬɟɪɢɚɥɶɧɵɯ ɬɨɱɟɤ (1 ɛɚɥɥ). 
2. ɐɟɧɬɪ ɦɚɫɫ ɬɟɥɚ, ɫɜɨɞɢɦɨɝɨ ɤ ɷɥɟɦɟɧɬɚɪɧɵɦ ɬɟɥɚɦ (2 ɛɚɥɥɚ). 
3. Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɷɥɟɦɟɧɬɚɪɧɨɝɨ ɬɟɥɚ (1 ɛɚɥɥ). 
4. Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɷɥɟɦɟɧɬɚɪɧɨɝɨ ɬɟɥɚ ɩɨ ɬɟɨɪɟɦɟ ɒɬɟɣɧɟɪɚ (2 ɛɚɥɥɚ). 
5. Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɫɢɫɬɟɦɵ ɢɥɢ ɫɥɨɠɧɨɝɨ ɬɟɥɚ (3 ɛɚɥɥɚ). 

 
2.1. Ɉɫɧɨɜɧɵɟ ɮɨɪɦɭɥɵ 

Цɟɧɬɪ ɦɚɫɫ (ɰɟɧɬɪ ɢɧɟɪɰɢɢ) – ɜɨɨɛɪɚɠɚɟɦɚɹ ɬɨɱɤɚ ɋ, ɩɨɥɨɠɟɧɢɟ 
ɤɨɬɨɪɨɣ ɯɚɪɚɤɬɟɪɢɡɭɟɬ ɪɚɫɩɪɟɞɟɥɟɧɢɟ ɦɚɫɫɵ ɷɬɨɣ ɫɢɫɬɟɦɵ.  

Ɋɚɞɢɭɫ-ɜɟɤɬɨɪ ɰɟɧɬɪɚ ɦɚɫɫ cr  ɫɢɫɬɟɦɵ ɦɚɬɟɪɢɚɥɶɧɵɯ ɬɨɱɟɤ: 

 
1

1 n

c i i

i

r m r
m 

  ,  (27) 

ɝɞɟ ݉𝑖,  ,𝑖⃗⃗  − ɦɚɫɫɚ ɢ ɪɚɞɢɭɫ-ɜɟɤɬɨɪ i-ɣ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢݎ
1

n

i

i

m m


  − 

ɨɛɳɚɹ ɦɚɫɫɚ ɫɢɫɬɟɦɵ, n – ɱɢɫɥɨ ɦɚɬɟɪɢɚɥɶɧɵɯ ɬɨɱɟɤ ɜ ɫɢɫɬɟɦɟ.  
Ⱦɟɤɚɪɬɨɜɵ ɤɨɨɪɞɢɧɚɬɵ ɰɟɧɬɪɚ ɦɚɫɫ ɨɩɪɟɞɟɥɹɸɬɫɹ ɫɨɨɬɧɨɲɟɧɢɹɦɢ: 

 

1 1 1,  ,  

N N N

i i i i i i

i i i
c c c

m x m y m z

x y z
m m m

    
  

,   (28) 
ɝɞɟ xi, yi, zi – ɤɨɨɪɞɢɧɚɬɵ i-ɣ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ. 

Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ:  𝐽 =  ଶ,                                                     (29)ݎ݉
ɝɞɟ ݉ − ɦɚɫɫɚ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ,  ݎ − ɪɚɫɫɬɨɹɧɢɟ ɨɬ ɧɟɟ ɞɨ ɨɫɢ 
ɜɪɚɳɟɧɢɹ. 
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Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɬɟɥɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ ɜɪɚɳɟɧɢɹ: 
2

1

n

i i

i

J m r


 ,                                                 (30) 

ɝɞɟ ݉𝑖 − ɦɚɫɫɚ i-ɣ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ,  ݎ𝑖 − ɪɚɫɫɬɨɹɧɢɟ ɨɬ ɷɬɨɣ ɬɨɱɤɢ ɞɨ 
ɨɫɢ ɜɪɚɳɟɧɢɹ, n – ɱɢɫɥɨ ɦɚɬɟɪɢɚɥɶɧɵɯ ɬɨɱɟɤ ɜ ɫɢɫɬɟɦɟ.  

Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɬɜɟɪɞɨɝɨ ɬɟɥɚ (ɩɪɢ ɧɟɩɪɟɪɵɜɧɨɦ ɪɚɫɩɪɟɞɟɥɟɧɢɢ 
ɦɚɫɫ) 𝐽 = ∫ ଶ݀݉௠ݎ ,                                              (31) 

ɝɞɟ dm  - ɦɚɫɫɚ ɷɥɟɦɟɧɬɚɪɧɨɝɨ ɨɛɴɟɦɚ. ɂɧɬɟɝɪɢɪɨɜɚɧɢɟ ɩɪɨɢɡɜɨɞɢɬɫɹ ɩɨ 
ɜɫɟɦ ɷɥɟɦɟɧɬɚɦ, ɨɛɥɚɞɚɸɳɢɦ ɦɚɫɫɨɣ. ȼɟɥɢɱɢɧɚ r ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɟɫɬɶ 
ɮɭɧɤɰɢɹ ɩɨɥɨɠɟɧɢɹ ɬɨɱɤɢ ɫ ɤɨɨɪɞɢɧɚɬɚɦɢ x, y, z. 
 Ⱦɥɹ ɨɞɧɨɪɨɞɧɨɝɨ ɬɜɟɪɞɨɝɨ ɬɟɥɚ ɩɥɨɬɧɨɫɬɶɸ ρ: 𝐽 = ߩ ∫ ଶܸ݀𝑉ݎ ,     (32) 

ɝɞɟ ܸ݀ − ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨ ɦɚɥɵɣ ɨɛɴɟɦ ɬɟɥɚ. ɂɧɬɟɝɪɢɪɨɜɚɧɢɟ 
ɩɪɨɢɡɜɨɞɢɬɫɹ ɩɨ ɜɫɟɦɭ ɨɛɴɟɦɭ ɬɟɥɚ.  

Ɇɨɦɟɧɬɵ ɢɧɟɪɰɢɢ ɧɟɤɨɬɨɪɵɯ ɨɞɧɨɪɨɞɧɵɯ ɬɟɥ ɦɚɫɫɨɣ m 

ɩɪɚɜɢɥɶɧɨɣ ɝɟɨɦɟɬɪɢɱɟɫɤɨɣ ɮɨɪɦɵ ɩɪɢɜɟɞɟɧɵ ɜ ɬɚɛɥɢɰɟ 1. 
Ɍɟɨɪɟɦɚ Шɬɟɣɧɟɪɚ: ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɬɟɥɚ J  ɨɬɧɨɫɢɬɟɥɶɧɨ 

ɩɪɨɢɡɜɨɥɶɧɨɣ ɨɫɢ ɜɪɚɳɟɧɢɹ  
2

CJ J ma  ,     (33) 

ɝɞɟ CJ − ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɟɝɨ ɰɟɧɬɪ 
ɦɚɫɫ ɋ ɩɚɪɚɥɥɟɥɶɧɨ ɞɚɧɧɨɣ ɨɫɢ, m − ɦɚɫɫɚ ɬɟɥɚ, a − ɪɚɫɫɬɨɹɧɢɟ ɦɟɠɞɭ 
ɨɫɹɦɢ. 
 
2.2. ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɬɢɩɨɜɵɯ ɡɚɞɚɱ 

Ɂɚɞɚɱɚ 2.1. Ɍɪɢ ɦɚɬɟɪɢɚɥɶɧɵɟ ɬɨɱɤɢ ɦɚɫɫɚɦɢ m1 = 1 ,  m2 = 2 ɢ  m3 = 
= 2 ɤɝ ɧɚɯɨɞɹɬɫɹ ɜ ɬɨɱɤɚɯ ɫ ɤɨɨɪɞɢɧɚɬɚɦɢ ɯ1 = -5, ɯ2 = 2 ɢ ɯ3  = 3 ɫɦ 
ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. ɇɚɣɬɢ ɤɨɨɪɞɢɧɚɬɭ ɰɟɧɬɪɚ ɦɚɫɫ ɫɢɫɬɟɦɵ [1 ɛɚɥɥ].  

Дɚɧɨ: 
m1 = 1 ɤɝ, m2 = 2 ɤɝ,  
m3 = 2 ɤɝ  
ɯ1 = −5 ɫɦ, ɯ2 = 2 ɫɦ,  
ɯ3  = 3 ɫɦ 

Ɋɟɲɟɧɢɟ: 
ɉɨɥɨɠɟɧɢɟ ɦɚɬɟɪɢɚɥɶɧɵɯ ɬɨɱɟɤ ɡɚɞɚɧɨ 

ɨɞɧɨɣ ɤɨɨɪɞɢɧɚɬɨɣ ɯ, ɩɨɷɬɨɦɭ ɤɨɨɪɞɢɧɚɬɭ 
ɰɟɧɬɪɚ ɦɚɫɫ ɫɢɫɬɟɦɵ ɨɩɪɟɞɟɥɢɦ ɩɨ ɮɨɪɦɭɥɟ: 

xɫ =   








n

i

i

n

i

ii

m

mx

1

1 ;         xɫ = 
321

332211

mmm

xmxmxm




.
   xɫ  = ?  

ɉɨɞɫɬɚɜɥɹɹ ɱɢɫɥɟɧɧɵɟ ɡɧɚɱɟɧɢɹ, ɩɨɥɭɱɚɟɦ: 
xɫ =  

221

3222)5(1




 
ɤɝ

ɫɦɤɝ 
= 

5

5
 ɫɦ = 1,0 ɫɦ.       

Ɉɬɜɟɬ: xɫ = 1,0 ɫɦ. 
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Ɍɚɛɥɢɰɚ 1. Ɇɨɦɟɧɬɵ ɢɧɟɪɰɢɢ ɨɞɧɨɪɨɞɧɵɯ ɬɟɥ ɦɚɫɫɨɣ m           
 

Ɍɟɥɨ ɉɨɥɨɠɟɧɢɟ ɨɫɢ ɜɪɚɳɟɧɢɹ Ɇɨɦɟɧɬ 
ɢɧɟɪɰɢɢ 

ɉɨɥɵɣ ɬɨɧɤɨɫɬɟɧɧɵɣ 
ɰɢɥɢɧɞɪ, ɤɨɥɶɰɨ, ɨɛɪɭɱ 

ɪɚɞɢɭɫɨɦ R  

 

Ɉɫɶ ɫɢɦɦɟɬɪɢɢ, ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ 
ɰɟɧɬɪ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ  

ɤ ɨɫɧɨɜɚɧɢɸ 

ܴ݉ଶ 

ɋɩɥɨɲɧɨɣ ɰɢɥɢɧɞɪ, 
ɞɢɫɤ ɪɚɞɢɭɫɨɦ R  

 

Ɉɫɶ ɫɢɦɦɟɬɪɢɢ, ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ 
ɰɟɧɬɪ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ  
ɤ ɩɥɨɫɤɨɫɬɢ ɨɫɧɨɜɚɧɢɹ 

ܴ݉ଶʹ  

ɉɨɥɵɣ ɰɢɥɢɧɞɪ, ɤɨɥɶɰɨ 
ɫ ɜɧɟɲɧɢɦ ɪɚɞɢɭɫɨɦ R    

ɢ ɜɧɭɬɪɟɧɧɢɦ r  

Ɉɫɶ ɫɢɦɦɟɬɪɢɢ, ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ 
ɰɟɧɬɪ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ  
ɤ ɩɥɨɫɤɨɫɬɢ ɨɫɧɨɜɚɧɢɹ 

݉ሺݎଶ + ܴଶሻʹ  

ɉɪɹɦɨɣ ɬɨɧɤɢɣ       
ɫɬɟɪɠɟɧɶ ɞɥɢɧɨɣ l  

 

Ɉɫɶ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɚ  
ɤ ɫɬɟɪɠɧɸ ɢ ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɟɝɨ 

ɫɟɪɟɞɢɧɭ 

݈݉ଶͳʹ  

ɉɪɹɦɨɣ ɬɨɧɤɢɣ        
ɫɬɟɪɠɟɧɶ ɞɥɢɧɨɣ l  

 

Ɉɫɶ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɚ  
ɤ ɫɬɟɪɠɧɸ, ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɟɝɨ 

ɤɨɧɟɰ 

݈݉ଶ͵  

ɒɚɪ ɪɚɞɢɭɫɨɦ R  

 

Ɉɫɶ ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɰɟɧɬɪ ɲɚɪɚ ʹܴ݉ଶ5  

ɉɨɥɵɣ ɲɚɪ ɫ ɜɧɟɲɧɢɦ 
ɪɚɞɢɭɫɨɦ R              

ɢ ɜɧɭɬɪɟɧɧɢɦ r  

Ɉɫɶ ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɰɟɧɬɪ ɲɚɪɚ 5 5

3 3

2

5

R r
m

R r




 

ɉɪɹɦɨɭɝɨɥɶɧɚɹ 
ɩɥɚɫɬɢɧɚ, 

ɩɚɪɚɥɥɟɥɟɩɢɩɟɞ ɫɨ 
ɫɬɨɪɨɧɚɦɢ a, b ɢ ɫ  

Ɉɫɶ ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɰɟɧɬɪ ɝɪɚɧɢ 
ɫɨ ɫɬɨɪɨɧɚɦɢ a ɢ b 

݉ሺܽଶ + ܾଶሻͳʹ  

Ɋɚɜɧɨɫɬɨɪɨɧɧɢɣ       
ɬɪɟɭɝɨɥɶɧɢɤ ɫɨ 

ɫɬɨɪɨɧɨɣ a  

Ɉɫɶ ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɨɞɧɭ ɢɡ 
ɫɬɨɪɨɧ 

2

8

ma
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Ɂɚɞɚɱɚ 2.2. ɇɚ ɤɨɧɰɟ ɫɬɟɪɠɧɹ ɞɥɢɧɨɣ 5 ɫɦ ɢ ɞɢɚɦɟɬɪɨɦ 1 ɫɦ 
ɧɚɯɨɞɢɬɫɹ ɲɚɪ ɪɚɞɢɭɫɨɦ 5 ɫɦ ɢɡ ɬɨɝɨ ɠɟ ɦɚɬɟɪɢɚɥɚ. ɇɚ ɤɚɤɨɦ ɪɚɫɫɬɨɹɧɢɢ 
ɨɬ ɰɟɧɬɪɚ ɲɚɪɚ ɧɚɯɨɞɢɬɫɹ ɰɟɧɬɪ ɦɚɫɫ ɫɢɫɬɟɦɵ? [2 ɛɚɥɥɚ]  
Дɚɧɨ: 
l = 50 ɫɦ 
d = 1 ɫɦ 
R = 5 ɫɦ 

Ɋɟɲɟɧɢɟ: 
Ⱦɚɧɧɨɟ ɬɟɥɨ ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɤɚɤ ɫɨɟɞɢɧɟɧɢɟ ɞɜɭɯ 

ɷɥɟɦɟɧɬɚɪɧɵɯ ɬɟɥ: ɲɚɪɚ ɢ ɫɬɟɪɠɧɹ (ɪɢɫ. 6). ɉɨɷɬɨɦɭ ɰɟɧɬɪ 
ɦɚɫɫ ɬɟɥɚ ɨɩɪɟɞɟɥɢɦ ɱɟɪɟɡ ɤɨɨɪɞɢɧɚɬɵ ɢ ɦɚɫɫɵ ɟɝɨ 
ɷɥɟɦɟɧɬɚɪɧɵɯ ɱɚɫɬɟɣ: xɫ − ?  

xɫ =   








n

i

i

n

i

ii

m

mx

1

1 =
ɫɬɲ

ɫɬɫɬɲɲ

mm

mxmx




,  

ɝɞɟ ɯɲ, mɲ – ɤɨɨɪɞɢɧɚɬɚ ɢ 
ɦɚɫɫɚ ɲɚɪɚ, ɯɫɬ, mɫɬ – 
ɤɨɨɪɞɢɧɚɬɚ ɢ ɦɚɫɫɚ ɫɬɟɪɠɧɹ.  
Ⱦɨɫɬɚɬɨɱɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ 
ɥɢɲɶ ɤɨɨɪɞɢɧɚɬɭ x, ɬ.ɤ. ɫɥɨɠɧɨɟ ɬɟɥɨ ɫɢɦɦɟɬɪɢɱɧɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ 
Ɉɏ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɰɟɧɬɪ ɲɚɪɚ ɢ ɨɫɶ ɫɬɟɪɠɧɹ. ɉɪɢ ɷɬɨɦ ɰɟɧɬɪɵ ɦɚɫɫ 
ɷɥɟɦɟɧɬɚɪɧɵɯ ɬɟɥ ɥɟɠɚɬ ɧɚ ɨɫɢ Ɉɏ ɢ ɫɨɜɩɚɞɚɸɬ ɫ ɢɯ ɝɟɨɦɟɬɪɢɱɟɫɤɢɦɢ 
ɰɟɧɬɪɚɦɢ (ɢɡ-ɡɚ ɨɞɧɨɪɨɞɧɨɫɬɢ ɬɟɥ).  
ɐɟɧɬɪ ɲɚɪɚ ɩɪɢɦɟɦ ɡɚ ɧɚɱɚɥɨ ɤɨɨɪɞɢɧɚɬ: 

xɲ = 0. 

xɫɬ =  
2

l
R  .    

Ɍɚɤ ɤɚɤ ɫɬɟɪɠɟɧɶ ɢ ɲɚɪ ɜɵɩɨɥɧɟɧɵ ɢɡ ɨɞɢɧɚɤɨɜɨɝɨ ɦɚɬɟɪɢɚɥɚ, 
ɨɛɨɡɧɚɱɢɜ ɟɝɨ ɩɥɨɬɧɨɫɬɶ ρ, ɧɚɣɞɟɦ ɦɚɫɫɵ ɷɥɟɦɟɧɬɚɪɧɵɯ ɱɚɫɬɟɣ, 
ɭɱɢɬɵɜɚɹ, ɱɬɨ ɫɬɟɪɠɟɧɶ ɢɦɟɟɬ ɮɨɪɦɭ ɰɢɥɢɧɞɪɚ: 

m = V·ρ,   mɲ = ρ· Vɲ = ρ· 
3

4 3
R

,    mɫɬ = ρ· Vɫɬ = ρ·
4

2
2 ld

lR





.
  

ɉɨɞɫɬɚɜɥɹɟɦ ɜ ɜɵɪɚɠɟɧɢɟ ɞɥɹ ɰɟɧɬɪɚ ɦɚɫɫ ɢ ɩɪɟɨɛɪɚɡɭɟɦ: 

xɫ =  








n

i

i

n

i

ii

m

mx

1

1
=

)( ɫɬɲ

ɫɬɫɬɲɲ

VV

VxVx







=

43

4
4

)
2

(

)
43

4
(

4
)

2
(

2
3

2

23

2

ld
R

ldl
R

ldR

l
dl

R














 

 ɉɨɞɫɬɚɜɥɹɹ ɱɢɫɥɟɧɧɵɟ ɡɧɚɱɟɧɢɹ, ɩɨɥɭɱɚɟɦ: 
xɫ =

4

501

3

54
4

501
)5

2

50
(

3 





 ≈ 2,1 ɫɦ. 

Ɉɬɜɟɬ: xc = 2,1 ɫɦ. 
 

Ɋɢɫ. 6 
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Ɂɚɞɚɱɚ 2.3. ɇɚɣɬɢ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɞɢɫɤɚ ɦɚɫɫɨɣ 0,4 ɤɝ ɢ ɪɚɞɢɭɫɨɦ 
50 ɫɦ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨɣ ɤ ɩɥɨɫɤɨɫɬɢ ɞɢɫɤɚ ɢ 
ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɟɝɨ ɰɟɧɬɪ [1 ɛɚɥɥ].  

 
Дɚɧɨ: 
m = 0,4 ɤɝ 
R = 50 ɫɦ  

Ɋɟɲɟɧɢɟ: 
Ɉɫɶ, ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɚɹ ɤ ɩɥɨɫɤɨɫɬɢ ɞɢɫɤɚ ɢ 

ɩɪɨɯɨɞɹɳɚɹ ɱɟɪɟɡ ɟɝɨ ɰɟɧɬɪ, ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɰɟɧɬɪ ɦɚɫɫ. 
ɉɨɷɬɨɦɭ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɜɵɱɢɫɥɹɟɬɫɹ ɩɨ ɫɬɚɧɞɚɪɬɧɨɣ 
ɮɨɪɦɭɥɟ (ɬɚɛɥ. 1, ɪɢɫ. 7): 

J  − ?  

J = 
2

2
mR

. ɉɟɪɟɜɟɞɟɦ ɢɫɯɨɞɧɵɟ ɞɚɧɧɵɟ ɜ ɫɢɫɬɟɦɭ ɋɂ:  

R = 50 ɫɦ = 0,5 ɦ ɢ ɩɪɨɢɡɜɟɞɟɦ ɜɵɱɢɫɥɟɧɢɹ. 

J  = 
2

5,04,0 2
= 0,2 · 0,25 = 0,05 ɤɝ ·ɦ2. 

Ɉɬɜɟɬ: J  = 
2

2
mR  = 5·10-2 ɤɝ ·ɦ2.  

 

Ɂɚɞɚɱɚ 2.4. ɇɚɣɬɢ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɩɨɥɨɝɨ ɰɢɥɢɧɞɪɚ ɦɚɫɫɨɣ 3 ɤɝ ɢ 
ɪɚɞɢɭɫɨɦ 5 ɫɦ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɫɨɜɩɚɞɚɸɳɟɣ ɫ ɟɝɨ ɨɛɪɚɡɭɸɳɟɣ [2 
ɛɚɥɥɚ]. 

 

 

Дɚɧɨ: 
m = 3 ɤɝ 
R = 5 ɫɦ  

Ɋɟɲɟɧɢɟ: 
Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɩɨɥɨɝɨ ɰɢɥɢɧɞɪɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, 

ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɰɟɧɬɪ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɤ ɨɫɧɨɜɚɧɢɸ 
(ɬɚɛɥ. 1, ɪɢɫ. 8):                        J0 = mR2. J − ?  

Ɉɞɧɚɤɨ, ɱɬɨɛɵ ɧɚɣɬɢ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɤɨɬɨɪɚɹ 
ɫɨɜɩɚɞɚɟɬ ɫ ɨɛɪɚɡɭɸɳɟɣ ɰɢɥɢɧɞɪɚ (ɩɚɪɚɥɥɟɥɶɧɚ ɨɫɧɨɜɧɨɣ ɨɫɢ, ɧɨ ɧɟ 
ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɰɟɧɬɪ ɦɚɫɫ), ɧɟɨɛɯɨɞɢɦɨ ɜɨɫɩɨɥɶɡɨɜɚɬɶɫɹ ɬɟɨɪɟɦɨɣ 
ɒɬɟɣɧɟɪɚ:   

J  =   J0 +  mɚ2. 

Ɂɞɟɫɶ  J0 – ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ 
ɰɟɧɬɪ ɦɚɫɫ ɰɢɥɢɧɞɪɚ ɢ ɩɚɪɚɥɥɟɥɶɧɨɣ ɟɝɨ 
ɨɛɪɚɡɭɸɳɟɣ, ɚ ɪɚɫɫɬɨɹɧɢɟ ɦɟɠɞɭ ɨɫɹɦɢ 
ɪɚɜɧɨ ɪɚɞɢɭɫɭ ɚ = R. 

J  =  mR2 +  mR2 = 2 mR2. 

ɉɟɪɟɜɟɞɟɦ ɢɫɯɨɞɧɵɟ ɞɚɧɧɵɟ ɜ 
ɫɢɫɬɟɦɭ ɋɂ: R = 5 ɫɦ = 0,05 ɦ ɢ 
ɩɪɨɢɡɜɟɞɟɦ ɜɵɱɢɫɥɟɧɢɹ: 

J  = 2 · 3 ·(0,05)2 = 1,5 ·10-2 ɤɝ ·ɦ2. 

Ɉɬɜɟɬ: J  = 2 mR2 = 1,5·10-2 ɤɝ·ɦ2. 

Ɋɢɫ. 8 

Ɋɢɫ. 7 
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Ɂɚɞɚɱɚ 2.5. ɂɡ ɬɨɧɤɨɝɨ ɞɢɫɤɚ ɪɚɞɢɭɫɨɦ R1 = 14 ɫɦ ɢ ɦɚɫɫɨɣ m = 50 ɝ 
ɜɵɪɟɡɚɥɢ ɤɪɭɝ ɪɚɞɢɭɫɨɦ R2 = R1 / 2 (ɪɢɫ. 9). Ɉɩɪɟɞɟɥɢɬɶ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ 
ɩɨɥɭɱɢɜɲɟɣɫɹ ɮɢɝɭɪɵ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɬɨɱɤɭ Ɉ 
ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɤ ɩɥɨɫɤɨɫɬɢ ɮɢɝɭɪɵ [3 ɛɚɥɥɚ]. 

Дɚɧɨ: 
R1 = 14 ɫɦ  
R2 = 

2
1R

  

m = 50 ɝ 

Ɋɟɲɟɧɢɟ:    
ɂɡ ɫɜɨɣɫɬɜɚ  ɚɞɞɢɬɢɜɧɨɫɬɢ ɦɨɦɟɧɬɚ 

ɢɧɟɪɰɢɢ ɫɥɟɞɭɟɬ, ɱɬɨ ɨɛɳɢɣ ɦɨɦɟɧɬ 
ɢɧɟɪɰɢɢ ɪɚɜɟɧ ɪɚɡɧɨɫɬɢ ɦɨɦɟɧɬɚ ɢɧɟɪɰɢɢ 
ɢɫɯɨɞɧɨɝɨ ɞɢɫɤɚ ɪɚɞɢɭɫɨɦ  R1 ɢ ɦɨɦɟɧɬɚ 
ɢɧɟɪɰɢɢ ɜɵɪɟɡɚɧɧɨɝɨ ɤɪɭɝɚ ɪɚɞɢɭɫɨɦ  R2: J − ?   

  J  =   Jo( R1) –  J( R2),  
ɝɞɟ  Jo( R1) –  ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɰɟɥɨɝɨ ɞɢɫɤɚ ɪɚɞɢɭɫɨɦ  R1 ɨɬɧɨɫɢɬɟɥɶɧɨ 
ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɬɨɱɤɭ Ɉ (ɟɝɨ ɰɟɧɬɪ ɦɚɫɫ) ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɤ 
ɩɥɨɫɤɨɫɬɢ ɞɢɫɤɚ, ɢ ɩɨɷɬɨɦɭ  ɨɧ ɦɨɠɟɬ ɛɵɬɶ ɧɚɣɞɟɧ ɩɨ ɫɬɚɧɞɚɪɬɧɨɣ 
ɮɨɪɦɭɥɟ: 

J
2

1
2

1
mR . 

J(R2) – ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɜɵɪɟɡɚɧɧɨɝɨ ɞɢɫɤɚ ɪɚɞɢɭɫɨɦ R2 

ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɬɨɱɤɭ Ɉ, ɬ.ɟ. ɧɟ ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ 
ɟɝɨ ɰɟɧɬɪ ɦɚɫɫ, ɢ ɩɨɷɬɨɦɭ ɞɥɹ ɟɝɨ ɨɩɪɟɞɟɥɟɧɢɹ ɧɟɨɛɯɨɞɢɦɨ 
ɢɫɩɨɥɶɡɨɜɚɬɶ ɬɟɨɪɟɦɭ ɒɬɟɣɧɟɪɚ (J = Jɋ + m ɚ2): 

J(R2) =  Jɋ( R2) + m'(R2) R2
2 . 

Ɂɞɟɫɶ Jɋ(R2)
2
2(R2)m'

2

1
R  − ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɜɵɪɟɡɚɧɧɨɝɨ ɞɢɫɤɚ 

ɪɚɞɢɭɫɨɦ R2 ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɟɝɨ ɰɟɧɬɪ ɦɚɫɫ,  
m'(R2)− ɦɚɫɫɚ  ɞɢɫɤɚ ɪɚɞɢɭɫɨɦ R2, ɪɚɫɫɬɨɹɧɢɟ ɦɟɠɞɭ ɨɫɹɦɢ ɚ = R2. 

Ɇɚɫɫɭ ɜɵɪɟɡɚɧɧɨɣ ɱɚɫɬɢ ɨɩɪɟɞɟɥɢɦ ɢɡ ɭɫɥɨɜɢɹ:  
m = V·ρ = h·S·ρ, ɬ.ɟ. ɦɚɫɫɚ ɩɪɨɩɨɪɰɢɨɧɚɥɶɧɚ ɩɥɨɳɚɞɢ (m ~ S);   

Sɤɪ= π R2;   R2 = 
2

1R
, ɡɧɚɱɢɬ, S(R2) = 

4

)( 1RS
, ɨɬɤɭɞɚ ɫɥɟɞɭɟɬ, ɱɬɨ  

m'(R2) = 
4

m
. 

ɉɨɞɫɬɚɜɢɜ ɜɫё ɜ ɧɚɱɚɥɶɧɭɸ ɮɨɪɦɭɥɭ, ɩɨɥɭɱɢɦ: 

    

32

13

48

3

28

3

2

)
48

(
2

)
442

1
(

2

1

2
1

2
1

2
1

2
2

2
1

2
2

2
2

2
12

2
2
2

2
1

mRmRmRmRmR

mRmRmR
R

m
R

m
mRJ








 

ɉɟɪɟɜɟɞɟɦ ɢɫɯɨɞɧɵɟ ɞɚɧɧɵɟ ɜ ɫɢɫɬɟɦɭ ɋɂ:  

R1 = 14 ɫɦ = 0,14 ɦ,  m = 50 ɝ = 0,05 ɤɝ. 
ɉɨɞɫɬɚɜɢɦ ɡɧɚɱɟɧɢɹ ɢ ɩɨɥɭɱɢɦ: 
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Ɂɚɞɚɱɚ 2.6. ɇɚɣɬɢ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɬɨɧɤɨɣ ɨɞɧɨɪɨɞɧɨɣ ɫɩɥɨɲɧɨɣ 
ɩɥɚɫɬɢɧɤɢ ɪɚɡɦɟɪɨɦ 2,ɚ b ɦ  ɫ ɩɥɨɬɧɨɫɬɶɸ ɟɞɢɧɢɰɵ ɩɥɨɳɚɞɢ 2,ɤɝ ɦ  , 

ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ O, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɫɬɨɪɨɧɭ b [3 ɛɚɥɥɚ]. 
 

 

2.3. Ɂɚɞɚɱɢ ɞɥɹ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɝɨ ɪɟɲɟɧɢɹ 

1. ɑɟɬɵɪɟ ɦɚɬɟɪɢɚɥɶɧɵɟ ɬɨɱɤɢ ɦɚɫɫɚɦɢ m1 = 2, m2 = 3, m3 = 4 ɢ m4 = 1 ɤɝ 
ɧɚɯɨɞɹɬɫɹ ɜ ɬɨɱɤɚɯ ɫ ɤɨɨɪɞɢɧɚɬɚɦɢ x1 = −6, x2 = −4, x3 = 2 ɢ x4 = 6 ɫɦ 
ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ.  ɇɚɣɬɢ ɤɨɨɪɞɢɧɚɬɭ ɰɟɧɬɪɚ ɦɚɫɫ ɫɢɫɬɟɦɵ (1 ɛɚɥɥ). Ɉɬɜɟɬ: 
−1,0 ɫɦ. 
2. Ʉɭɫɨɤ ɩɪɨɜɨɥɨɤɢ ɞɥɢɧɨɣ 60 ɫɦ ɫɨɝɧɭɬ ɜ ɜɢɞɟ ɛɭɤɜɵ Ƚ, ɬɚɤ ɱɬɨ ɨɞɧɚ 
ɱɚɫɬɶ ɜ ɞɜɚ ɪɚɡɚ ɛɨɥɶɲɟ ɞɪɭɝɨɣ. ɇɚ ɤɚɤɨɦ ɪɚɫɫɬɨɹɧɢɢ ɨɬ ɦɟɫɬɚ ɫɝɢɛɚ 
ɧɚɯɨɞɢɬɫɹ ɰɟɧɬɪ ɦɚɫɫ?  (2 ɛɚɥɥɚ) Ɉɬɜɟɬ: 13,7 ɫɦ. 
3. ɇɚɣɬɢ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɤɭɛɚ ɦɚɫɫɨɣ 1,2 ɤɝ ɢ ɞɥɢɧɨɣ ɪɟɛɪɚ 10 ɫɦ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɫɟɪɟɞɢɧɵ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɯ ɝɪɚɧɟɣ 
(1 ɛɚɥɥ). Ɉɬɜɟɬ: 2·10-3 ɤɝ·ɦ2. 
4. ɇɚɣɬɢ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɲɚɪɚ ɦɚɫɫɨɣ 2 ɤɝ ɢ ɪɚɞɢɭɫɨɦ 10 ɫɦ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɧɚ ɪɚɫɫɬɨɹɧɢɢ, ɪɚɜɧɨɦ ɩɨɥɨɜɢɧɟ ɪɚɞɢɭɫɚ 
ɨɬ ɰɟɧɬɪɚ ɦɚɫɫ (2 ɛɚɥɥɚ). Ɉɬɜɟɬ: 1,3·10-2 ɤɝ·ɦ2. 

J = 13· 0,05 ·
32

14,0 2

 = 0,000398 ≈ 4 ·10-4 ɤɝ ·ɦ2. 

Ɉɬɜɟɬ:   J  =  4·10-4 ɤɝ·ɦ2. 

Дɚɧɨ: 
a, b, ı 

Ɋɟɲɟɧɢɟ:    
Ɋɚɡɞɟɥɢɦ ɩɥɚɫɬɢɧɤɭ ɧɚ ɨɬɞɟɥɶɧɵɟ ɩɨɥɨɫɤɢ 

ɛɟɫɤɨɧɟɱɧɨ ɦɚɥɨɣ ɲɢɪɢɧɵ dx  (ɪɢɫ. 10). Ɋɚɫɫɬɨɹɧɢɟ x  ɨɬ J − ?   
ɡɚɞɚɧɧɨɣ ɨɫɢ ɜɪɚɳɟɧɢɹ ɢɡɦɟɧɹɟɬɫɹ ɨɬ 0 ɞɨ a. 
Ɇɚɫɫɚ ɷɥɟɦɟɧɬɚɪɧɨɣ ɜɵɞɟɥɟɧɧɨɣ ɩɨɥɨɫɤɢ 
dm bdx  . 

Ɍɨɥɳɢɧɨɣ ɩɥɚɫɬɢɧɤɢ ɩɪɟɧɟɛɪɟɝɚɟɦ. 
Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɤɚɠɞɨɣ ɩɨɥɨɫɤɢ 

2 2
dJ x dm bx dx   . Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɜɫɟɣ 
ɩɥɚɫɬɢɧɤɢ ɪɚɜɟɧ: 

 
3 3

2 2

0 0 0
3 3

aa a
x ba

J dJ bx dx b ɤɝ ɦ
        . 

Ɍɚɤ ɤɚɤ ɩɨɥɧɚɹ ɦɚɫɫɚ ɩɥɚɫɬɢɧɤɢ ɪɚɜɧɚ m ab  , ɬɨ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ 
ɢɦɟɟɬ ɜɢɞ 2 3J ma .  

Ɉɬɜɟɬ: 𝐽 = 𝜎௕௔యଷ . 

dx  

a  

b  dm

 

Ɉɫɶ ɜɪɚɳɟɧɢɹ 

Ɉ 

ɯ 
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5. Ɉɩɪɟɞɟɥɢɬɶ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɤɜɚɞɪɚɬɧɨɣ ɩɪɨɜɨɥɨɱɧɨɣ ɪɚɦɤɢ ɫɨ 
ɫɬɨɪɨɧɨɣ a = 30 ɫɦ ɢ ɦɚɫɫɨɣ m = 40 ɝ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɥɟɠɚɳɟɣ ɜ 
ɩɥɨɫɤɨɫɬɢ ɪɚɦɤɢ ɢ ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɫɟɪɟɞɢɧɵ ɞɜɭɯ ɟɟ ɫɬɨɪɨɧ (3 ɛɚɥɥɚ). 
Ɉɬɜɟɬ: 6·10-4 ɤɝ·ɦ2. 
 
2.4. Ɋɟɤɨɦɟɧɞɭɟɦɚɹ ɥɢɬɟɪɚɬɭɪɚ ɩɨ ɬɟɦɟ 

1. ɑɟɪɬɨɜ Ⱥ.Ƚ., ȼɨɪɨɛɶɟɜ Ⱥ.Ⱥ. Ɂɚɞɚɱɧɢɤ ɩɨ ɮɢɡɢɤɟ. Ɇ.: Ɏɢɡɦɚɬɥɢɬ, 
2007. §2, 3. Ɂɚɞɚɱɢ 3.1 – 3.18, 3.59 – 3.63.  

2. Ɍɪɨɮɢɦɨɜɚ Ɍ.ɂ. ɋɛɨɪɧɢɤ ɡɚɞɚɱ ɩɨ ɤɭɪɫɭ ɮɢɡɢɤɢ. Ɇ.: ȼɵɫɲ. ɲɤ., 
2008. §1.4. Ɂɚɞɚɱɢ 1.129 – 1.137. 

3. Ⱦɟɬɥɚɮ Ⱥ.Ⱥ., əɜɨɪɫɤɢɣ Ȼ.Ɇ. Ʉɭɪɫ ɮɢɡɢɤɢ. Ɇ., 2008. 
  

Ɍɟɦɚ 3. ȾɂɇȺɆɂɄȺ ɉɈɋɌɍɉȺɌȿɅɖɇɈȽɈ ɂ ȼɊȺЩȺɌȿɅɖɇɈȽɈ 
Ⱦȼɂɀȿɇɂə 

ȼ ɤɨɧɬɪɨɥɶɧɨɣ ɪɚɛɨɬɟ ɩɨ ɬɟɦɟ «Ⱦɢɧɚɦɢɤɚ ɩɨɫɬɭɩɚɬɟɥɶɧɨɝɨ ɢ 
ɜɪɚɳɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ» ɧɟɨɛɯɨɞɢɦɨ ɪɟɲɢɬɶ ɡɚɞɚɱɢ ɩɨ ɫɥɟɞɭɸɳɢɦ 
ɨɫɧɨɜɧɵɦ ɬɟɦɚɬɢɤɚɦ: 

1. ɉɨɫɬɭɩɚɬɟɥɶɧɨɟ ɞɜɢɠɟɧɢɟ ɨɞɧɨɝɨ ɬɟɥɚ (1 ɛɚɥɥ). 
2. ȼɪɚɳɚɬɟɥɶɧɨɟ ɞɜɢɠɟɧɢɟ ɨɞɧɨɝɨ ɬɟɥɚ (1 ɛɚɥɥ). 
3. ɉɥɨɫɤɨɟ ɞɜɢɠɟɧɢɟ ɨɞɧɨɝɨ ɬɟɥɚ (2 ɛɚɥɥɚ). 
4. Ⱦɜɢɠɟɧɢɟ ɩɪɨɫɬɨɣ ɫɢɫɬɟɦɵ ɬɟɥ (2 ɛɚɥɥɚ). 
5. Ⱦɜɢɠɟɧɢɟ ɫɥɨɠɧɨɣ ɫɢɫɬɟɦɵ ɬɟɥ (3 ɛɚɥɥɚ). 

 
3.1. Ɉɫɧɨɜɧɵɟ ɮɨɪɦɭɥɵ 

ɍɪɚɜɧɟɧɢɟ ɞɜɢɠɟɧɢɹ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ (ɜɬɨɪɨɣ ɡɚɤɨɧ ɇɶɸɬɨɧɚ): −  

ɜ ɜɟɤɬɨɪɧɨɣ ɮɨɪɦɟ 



N

i

iF
dt

pd

1
,


ɢɥɢ   ,

1




N

i
i

Fam


                           (34)
 

ɝɞɟ 


N

i

iF
1


– ɝɟɨɦɟɬɪɢɱɟɫɤɚɹ ɫɭɦɦɚ ɫɢɥ, ɞɟɣɫɬɜɭɸɳɢɯ ɧɚ ɦɚɬɟɪɢɚɥɶɧɭɸ 

ɬɨɱɤɭ; ɬ – ɦɚɫɫɚ; а – ɭɫɤɨɪɟɧɢɟ; p = mv – ɢɦɩɭɥɶɫ; N – ɱɢɫɥɨ ɫɢɥ, 
ɞɟɣɫɬɜɭɸɳɢɯ ɧɚ ɬɨɱɤɭ; 

− ɜ ɤɨɨɪɞɢɧɚɬɧɨɣ ɮɨɪɦɟ (ɫɤɚɥɹɪɧɨɣ) 
 ,xix Fma  ,yiy Fma  ,ziz Fma

              (35) 

                    ɢɥɢ  xiF
dt

xd
m

2

2

,  yiF
dt

yd
m

2

2

,  ziF
dt

zd
m

2

2

,    
 

ɝɞɟ ɩɨɞ ɡɧɚɤɨɦ ɫɭɦɦɵ ɫɬɨɹɬ ɩɪɨɟɤɰɢɢ ɫɢɥ Fi ɧɚ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɨɫɢ 
ɤɨɨɪɞɢɧɚɬ. 

ɋɢɥɚ ɭɩɪɭɝɨɫɬɢ:  Fɭɩɪ= − kx,              (36) 
ɝɞɟ k — ɤɨɷɮɮɢɰɢɟɧɬ ɭɩɪɭɝɨɫɬɢ (ɠɟɫɬɤɨɫɬɶ ɜ ɫɥɭɱɚɟ ɩɪɭɠɢɧɵ);  
ɯ — ɚɛɫɨɥɸɬɧɚɹ ɞɟɮɨɪɦɚɰɢɹ. 
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ɋɢɥɚ ɝɪɚɜɢɬɚɰɢɨɧɧɨɝɨ ɜɡɚɢɦɨɞɟɣɫɬɜɢɹ: 

,
2

21

r

mm
GF       (37) 

ɝɞɟ G − ɝɪɚɜɢɬɚɰɢɨɧɧɚɹ ɩɨɫɬɨɹɧɧɚɹ; m1 ɢ m2 − ɦɚɫɫɵ ɜɡɚɢɦɨɞɟɣɫɬ-
ɜɭɸɳɢɯ ɦɚɬɟɪɢɚɥɶɧɵɯ ɬɨɱɟɤ; r − ɪɚɫɫɬɨɹɧɢɟ ɦɟɠɞɭ ɧɢɦɢ. 

ɋɢɥɚ ɬɪɟɧɢɹ ɫɤɨɥɶɠɟɧɢɹ: 
Fɬɪ = ȝ·N,     (38) 

ɝɞɟ ȝ — ɤɨɷɮɮɢɰɢɟɧɬ ɬɪɟɧɢɹ ɫɤɨɥɶɠɟɧɢɹ; N — ɫɢɥɚ ɧɨɪɦɚɥɶɧɨɝɨ 
ɞɚɜɥɟɧɢɹ (ɫɢɥɚ ɪɟɚɤɰɢɢ ɨɩɨɪɵ). 

Ɇɨɦɟɧɬ ɫɢɥɵ F ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɟɩɨɞɜɢɠɧɨɣ ɬɨɱɤɢ Ɉ:  
M = [ r F ],                                            (39) 

ɝɞɟ r − ɪɚɞɢɭɫ-ɜɟɤɬɨɪ, ɩɪɨɜɟɞɟɧɧɵɣ ɢɡ ɬ. Ɉ ɜ ɬɨɱɤɭ ɩɪɢɥɨɠɟɧɢɹ ɫɢɥɵ F.
 Ɇɨɞɭɥɶ ɦɨɦɟɧɬɚ ɫɢɥɵ:   

sinM Fr Fl   ,                                      (40) 
ɝɞɟ sinl r    − ɩɥɟɱɨ ɫɢɥɵ – ɤɪɚɬɱɚɣɲɟɟ ɪɚɫɫɬɨɹɧɢɟ  ɨɬ ɬɨɱɤɢ Ɉ ɞɨ 
ɥɢɧɢɢ ɞɟɣɫɬɜɢɹ ɫɢɥɵ.  

Ɇɨɦɟɧɬ  ɫɢɥɵ ɨɬɧɨɫɢɬɟɥɶɧɨ  ɧɟɩɨɞɜɢɠɧɨɣ ɨɫɢ z (ɩɪɨɟɤɰɢɹ ɧɚ ɨɫɶ 
z ɜɟɤɬɨɪɚ Ɇ ɦɨɦɟɧɬɚ ɫɢɥɵ, ɧɚɣɞɟɧɧɨɝɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɪɨɢɡɜɨɥɶɧɨɣ 
ɬɨɱɤɢ Ɉ ɧɚ ɨɫɢ z): ܯ௭ =  (41)     , ݈⊥ܨ
ɝɞɟ ܨ⊥ − ɩɪɨɟɤɰɢɹ ɫɢɥɵ F ɧɚ ɩɥɨɫɤɨɫɬɶ, ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɭɸ ɤ ɨɫɢ z.  

Ɇɨɦɟɧɬ ɢɦɩɭɥɶɫɚ (ɤɨɥɢɱɟɫɬɜɚ ɞɜɢɠɟɧɢɹ) ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɟɩɨɞɜɢɠɧɨɣ ɬɨɱɤɢ Ɉ: 

L = [ r, p ] = [ r, mv],                                    (42)    
ɝɞɟ r – ɪɚɞɢɭɫ-ɜɟɤɬɨɪ ɢɡ ɬɨɱɤɢ Ɉ ɤ ɞɜɢɠɭɳɟɣɫɹ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɟ,  
p = mv – ɢɦɩɭɥɶɫ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ. 

Ɇɨɞɭɥɶ ɜɟɤɬɨɪɚ ɦɨɦɟɧɬɚ ɢɦɩɭɥɶɫɚ ɪɚɜɟɧ: 
ܮ  = 𝑖݊ 𝛼ݏ ݌ݎ = ݉𝑣ݎ sin 𝛼 =     (43)                          ,݈݌

ɝɞɟ   − ɭɝɨɥ ɦɟɠɞɭ ɜɟɤɬɨɪɚɦɢ r ɢ p, l - ɩɥɟɱɨ ɜɟɤɬɨɪɚ ɪ ɨɬɧɨɫɢɬɟɥɶɧɨ 
ɬɨɱɤɢ Ɉ. 

Ɇɨɦɟɧɬ ɢɦɩɭɥɶɫɚ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɟɩɨɞɜɢɠɧɨɣ 
ɨɫɢ Z (ɩɪɨɟɤɰɢɹ ɧɚ ɷɬɭ ɨɫɶ ɜɟɤɬɨɪɚ ɦɨɦɟɧɬɚ ɢɦɩɭɥɶɫɚ, ɧɚɣɞɟɧɧɨɝɨ 
ɨɬɧɨɫɢɬɟɥɶɧɨ ɩɪɨɢɡɜɨɥɶɧɨɣ ɬɨɱɤɢ Ɉ ɧɚ ɷɬɨɣ ɨɫɢ): ܮ௭ =  (44)    ,݈⊥݌
ɝɞɟ ݌⊥ − ɩɪɨɟɤɰɢɹ ɢɦɩɭɥɶɫɚ p ɧɚ ɩɥɨɫɤɨɫɬɶ, ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɭɸ ɨɫɢ z. 

Ɇɨɦɟɧɬ ɢɦɩɭɥɶɫɚ ɬɜɟɪɞɨɝɨ ɬɟɥɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ  ܮ௭ = 𝐽௭𝜔,    (45) 
ɝɞɟ 𝐽௭ − ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɬɟɥɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɬɨɣ ɠɟ ɨɫɢ, ω − ɭɝɥɨɜɚɹ 
ɫɤɨɪɨɫɬɶ. 

Ɉɫɧɨɜɧɨɣ ɡɚɤɨɧ ɞɢɧɚɦɢɤɢ ɜɪɚɳɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ ɬɜɟɪɞɨɝɨ ɬɟɥɚ: ࡹ = ௗࡸௗ௧ , ܯ௭ = 𝐽௭ ௗ𝜔ௗ௧ = 𝐽௭𝜀.                         (46) 
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3.2. ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɬɢɩɨɜɵɯ ɡɚɞɚɱ 

Ɂɚɞɚɱɚ 3.1. ȼɟɪɟɜɤɚ ɪɚɡɪɵɜɚɟɬɫɹ ɩɪɢ ɩɨɞɜɟɲɢɜɚɧɢɢ ɤ ɧɟɣ ɬɟɥɚ 
ɦɚɫɫɨɣ 36 ɤɝ. Ɍɟɥɨ ɤɚɤɨɣ ɧɚɢɛɨɥɶɲɟɣ ɦɚɫɫɵ ɦɨɠɧɨ ɩɨɞɧɢɦɚɬɶ ɧɚ ɷɬɨɣ 
ɜɟɪɟɜɤɟ ɫ ɭɫɤɨɪɟɧɢɟɦ 2 ɦ/ɫ2? [1 ɛɚɥɥ] 

 

 

Ɂɚɞɚɱɚ 3.2. Ɇɚɯɨɜɢɤ ɜ ɜɢɞɟ ɰɢɥɢɧɞɪɚ ɦɚɫɫɨɣ 5 ɤɝ ɢ ɪɚɞɢɭɫɨɦ 20 ɫɦ 
ɡɚ 4 ɫ ɨɬ ɧɚɱɚɥɚ ɪɚɜɧɨɭɫɤɨɪɟɧɧɨɝɨ ɜɪɚɳɟɧɢɹ ɞɨɫɬɢɝ ɱɚɫɬɨɬɵ 10 ɨɛ/ɫ. 
ɇɚɣɬɢ ɦɨɦɟɧɬ ɫɢɥ, ɞɟɣɫɬɜɭɸɳɢɯ ɧɚ ɦɚɯɨɜɢɤ [1 ɛɚɥɥ]. 

 

Дɚɧɨ: 
M = 36 ɤɝ 

ɚ = 2 ɦ/ɫ2
 

Ɋɟɲɟɧɢɟ:    
ȼ ɩɟɪɜɨɦ ɫɥɭɱɚɟ ɬɟɥɨ ɩɨɞɜɟɲɟɧɨ ɧɚ ɧɢɬɶ ɢ ɭɫɤɨɪɟɧɢɟ 

ɪɚɜɧɨ ɧɭɥɸ, ɬ.ɤ. ɬɟɥɨ ɧɟ ɞɜɢɠɟɬɫɹ (ɪɢɫ. 11).  
ȼ ɷɬɨɦ ɫɥɭɱɚɟ ɧɚ ɬɟɥɨ ɞɟɣɫɬɜɭɸɬ ɫɢɥɚ ɬɹɠɟɫɬɢ ɢ ɫɢɥɚ m − ?   

ɧɚɬɹɠɟɧɢɹ ɧɢɬɢ, ɤɨɬɨɪɚɹ, ɩɨ ɭɫɥɨɜɢɹɦ ɡɚɞɚɱɢ, 
ɹɜɥɹɟɬɫɹ ɩɪɟɞɟɥɶɧɨɣ.  

ɉɨ 2-ɦɭ ɡɚɤɨɧɭ ɇɶɸɬɨɧɚ ɪɚɜɧɨɞɟɣɫɬɜɭɸɳɚɹ 
ɜɫɟɯ ɫɢɥ ɪɚɜɧɚ ɩɪɨɢɡɜɟɞɟɧɢɸ ɦɚɫɫɵ ɧɚ 
ɭɫɤɨɪɟɧɢɟ. ɉɨɥɭɱɚɟɦ:  ܶ⃗ + ܯ  ݃ = Ͳ, ɢɥɢ ɜ ɩɪɨɟɤɰɢɹɯ ɧɚ ɨɫɶ Ɉɍ: ܶ − ݃ܯ = Ͳ => T = Mg − ɷɬɨ ɦɚɤɫɢɦɚɥɶɧɨɟ 
ɧɚɬɹɠɟɧɢɟ, ɤɨɬɨɪɨɟ ɦɨɠɟɬ ɜɵɞɟɪɠɚɬɶ ɧɢɬɶ. 

ȼɨ ɜɬɨɪɨɦ ɫɥɭɱɚɟ ɬɟɥɨ ɩɨɞɧɢɦɚɸɬ ɫ 
ɭɫɤɨɪɟɧɢɟɦ (ɪɢɫ. 12), ɫɢɥɚ ɧɚɬɹɠɟɧɢɹ ɬɚɤɠɟ 

ɪɚɜɧɚ ɩɪɟɞɟɥɶɧɨɣ. ȼɬɨɪɨɣ ɡɚɤɨɧ ɇɶɸɬɨɧɚ ɩɪɢɧɢɦɚɟɬ ɜɢɞ:  ܶ − ݉݃ = ݉ܽ.  
ɉɨɞɫɬɚɜɢɦ ɦɚɤɫɢɦɚɥɶɧɨɟ ɧɚɬɹɠɟɧɢɟ, ɜɵɪɚɡɢɦ ɦɚɫɫɭ:  ݉ሺܽ + ݃ሻ = ݉,݃ܯ = ெ𝑔௔+𝑔. 

ɂɫɩɨɥɶɡɭɹ ɱɢɫɥɟɧɧɵɟ ɞɚɧɧɵɟ ɡɚɞɚɱɢ, ɩɨɥɭɱɚɟɦ: ݉ ≈ ଷ6∙ଵ଴ଶ+ଵ଴ = ͵Ͳ (ɤɝ).  
Ɉɬɜɟɬ: m = 30 ɤɝ. 

Дɚɧɨ: 
m = 5 ɤɝ 

R = 20 ɫɦ 

t =  4 c 

Ȟ = 10 ɨɛ/ɫ
 

Ɋɟɲɟɧɢɟ:    
ɉɨ ɨɫɧɨɜɧɨɦɭ ɡɚɤɨɧɭ ɞɢɧɚɦɢɤɢ ɜɪɚɳɚɬɟɥɶɧɨɝɨ 

ɞɜɢɠɟɧɢɹ ɪɟɡɭɥɶɬɢɪɭɸɳɢɣ ɦɨɦɟɧɬ ɫɢɥ, ɩɪɢɥɨɠɟɧɧɵɯ ɤ 
ɬɟɥɭ, ɪɚɜɟɧ ɩɪɨɢɡɜɟɞɟɧɢɸ ɦɨɦɟɧɬɚ ɢɧɟɪɰɢɢ ɬɟɥɚ ɧɚ 
ɩɪɨɟɤɰɢɸ ɭɝɥɨɜɨɝɨ ɭɫɤɨɪɟɧɢɹ:  

M = I . M − ?   

Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɩɨɥɨɝɨ ɰɢɥɢɧɞɪɚ ɧɚɣɞɟɦ ɩɨ ɮɨɪɦɭɥɟ J = 2

2

1
Rm  .  

ɍɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ ɩɪɢ ɪɚɜɧɨɭɫɤɨɪɟɧɧɨɦ ɞɜɢɠɟɧɢɢ ɦɨɠɧɨ ɧɚɣɬɢ 
ɤɚɤ ɨɬɧɨɲɟɧɢɟ ɢɡɦɟɧɟɧɢɹ ɫɤɨɪɨɫɬɢ ɤɨ ɜɪɟɦɟɧɢ, ɡɚ ɤɨɬɨɪɨɟ ɩɪɨɢɡɨɲɥɨ 

Ɋɢɫ. 12 Ɋɢɫ. 11 
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Ɂɚɞɚɱɚ 3.3. ɉɨ ɧɚɤɥɨɧɧɨɣ ɩɥɨɫɤɨɫɬɢ, ɫɨɫɬɚɜɥɹɸɳɟɣ ɭɝɨɥ 300 ɤ 
ɝɨɪɢɡɨɧɬɭ, ɛɟɡ ɩɪɨɫɤɚɥɶɡɵɜɚɧɢɹ ɫɤɚɬɵɜɚɟɬɫɹ ɲɚɪ. ɇɚɣɬɢ ɭɫɤɨɪɟɧɢɟ 
ɰɟɧɬɪɚ ɦɚɫɫ ɲɚɪɚ [2 ɛɚɥɥɚ]. 

ɢɡɦɟɧɟɧɢɟ. ȼ ɞɚɧɧɨɣ ɡɚɞɚɱɟ ɡɚ 4 ɫ ɨɬ ɧɚɱɚɥɚ ɞɜɢɠɟɧɢɹ (𝜔଴ = Ͳ) 
ɫɤɨɪɨɫɬɶ ɫɬɚɥɚ ɪɚɜɧɚ  2  ɢ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ  

tt

 20 



 .  

Ɍɨɝɞɚ ɦɨɦɟɧɬ ɫɢɥ
t

mR

t

mR
M

 22

2

2
 . 

ɉɟɪɟɜɟɞɟɦ ɜɫɟ ɞɚɧɧɵɟ ɜ ɋɂ: R = 20 ɫɦ = 0,2 ɦ. ȼ ɢɬɨɝɟ ɩɨɥɭɱɚɟɦ: 

57.1
4

1014.32.05 2




M  (ɇ∙ɦ).  

Ɉɬɜɟɬ: M = 1,57 ɇ∙ɦ. 

Дɚɧɨ: 
α = 300 

 

Ɋɟɲɟɧɢɟ:    
ɋɢɥɵ, ɞɟɣɫɬɜɭɸɳɢɟ ɧɚ ɲɚɪ ɦɚɫɫɨɣ m, ɩɨɤɚɡɚɧɵ ɧɚ ɪɢɫ. 13. 

ȼɟɤɬɨɪ ɭɫɤɨɪɟɧɢɹ ca  ɧɚɯɨɞɢɦ, ɢɫɩɨɥɶɡɭɹ ɭɪɚɜɧɟɧɢɹ ɞɜɢɠɟɧɢɹ 
ɰɟɧɬɪɚ ɦɚɫɫ (ɜɬɨɪɨɣ ɡɚɤɨɧ ɇɶɸɬɨɧɚ): ɚɫ − ?   

ɫTP amFNgm


 . 

Ɋɚɫɫɦɨɬɪɢɦ ɩɪɨɟɤɰɢɢ ɧɚ ɨɫɶ Ɉɏ, 
ɧɚɩɪɚɜɥɟɧɧɭɸ ɜɞɨɥɶ ɧɚɤɥɨɧɧɨɣ 
ɩɥɨɫɤɨɫɬɢ:  

cTP maFmg sin . 

Ɋɚɫɫɦɨɬɪɢɦ ɩɪɨɟɤɰɢɢ ɧɚ ɨɫɶ Ɉɍ, 
ɧɚɩɪɚɜɥɟɧɧɭɸ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɤ 
ɧɚɤɥɨɧɧɨɣ ɩɥɨɫɤɨɫɬɢ:  

0cos  Nmg  . 

ɍɱɬɟɦ, ɱɬɨ ɬɟɥɨ ɬɚɤɠɟ ɫɨɜɟɪɲɚɟɬ 
ɜɪɚɳɚɬɟɥɶɧɨɟ ɞɜɢɠɟɧɢɟ, ɡɚɩɢɲɟɦ 
ɨɫɧɨɜɧɨɣ ɡɚɤɨɧ ɞɢɧɚɦɢɤɢ 

ɜɪɚɳɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ ɲɚɪɚ ɪɚɞɢɭɫɨɦ R ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, 
ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɟɝɨ ɰɟɧɬɪ ɦɚɫɫ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɤ ɩɥɨɫɤɨɫɬɢ 
ɪɢɫɭɧɤɚ:  

M = J . 

ɝɞɟ 2

5

2
mRJ   − ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ  ɲɚɪɚ, ɚ  - ɟɝɨ ɭɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ.  

ɋ ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ, ɦɨɦɟɧɬ ɫɢɥɵ Ɇ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ – ɷɬɨ ɩɪɨɢɡɜɟɞɟɧɢɟ 
ɫɢɥɵ ɧɚ ɩɥɟɱɨ. ȼ ɞɚɧɧɨɦ ɫɥɭɱɚɟ ɜɪɚɳɟɧɢɟ ɩɪɨɢɫɯɨɞɢɬ ɡɚ ɫɱɟɬ ɫɢɥɵ 
ɬɪɟɧɢɹ, ɩɥɟɱɨ ɤɨɬɨɪɨɣ ɪɚɜɧɨ ɪɚɞɢɭɫɭ ɲɚɪɚ: 
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Ɂɚɞɚɱɚ 3.4. Ⱦɜɚ ɬɟɥɚ ɦɚɫɫɚɦɢ 400 ɢ 600 ɝ ɫɜɹɡɚɧɵ ɧɢɬɶɸ, 
ɩɟɪɟɛɪɨɲɟɧɧɨɣ ɱɟɪɟɡ ɧɟɜɟɫɨɦɵɣ ɛɥɨɤ, ɭɫɬɚɧɨɜɥɟɧɧɵɣ ɧɚ ɝɥɚɞɤɨɣ 
ɧɚɤɥɨɧɧɨɣ ɩɥɨɫɤɨɫɬɢ, ɫɨɫɬɚɜɥɹɸɳɟɣ 45° ɫ ɝɨɪɢɡɨɧɬɨɦ. ɉɟɪɜɵɣ ɝɪɭɡ 
ɩɨɞɧɢɦɚɟɬɫɹ ɜɟɪɬɢɤɚɥɶɧɨ ɜɜɟɪɯ, ɚ ɜɬɨɪɨɣ ɨɩɭɫɤɚɟɬɫɹ ɩɨ ɧɚɤɥɨɧɧɨɣ 
ɩɥɨɫɤɨɫɬɢ. ɇɚɣɬɢ ɭɫɤɨɪɟɧɢɟ ɝɪɭɡɨɜ [2 ɛɚɥɥɚ]. 

 

        RFM TP .  

Ɍɚɤ ɤɚɤ ɭɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ  ɩɪɢ ɨɬɫɭɬɫɬɜɢɢ ɩɪɨɫɤɚɥɶɡɵɜɚɧɢɹ ɫɜɹɡɚɧɨ ɫ 
ɭɫɤɨɪɟɧɢɟɦ ɰɟɧɬɪɚ ɦɚɫɫ ɫɨɨɬɧɨɲɟɧɢɟɦ 

R

ac , ɬɨ ɩɪɢɪɚɜɧɢɜɚɹ ɡɧɚɱɟɧɢɹ 

ɦɨɦɟɧɬɨɜ ɫɢɥ, ɧɚɣɞɟɦ ɫɢɥɭ ɬɪɟɧɢɹ: 
cTPTP

c maFRF
R

a
mR

5

2

5

2 2  .  

ɉɨɞɫɬɚɜɢɦ ɷɬɨ ɡɧɚɱɟɧɢɟ ɜ ɜɵɪɚɠɟɧɢɟ cTP maFmg sin , 

 cc mamamg
5

2
sin     cag

5

7
sin       sin

7

5
gac  . 

ɂɫɩɨɥɶɡɭɹ ɱɢɫɥɟɧɧɵɟ ɡɧɚɱɟɧɢɹ, ɩɨɥɭɱɚɟɦ: 5,330sin
7

5
 gac  (ɦ/ɫ2).  

Ɉɬɜɟɬ: ca = 3,5 ɦ/ɫ2. 

Дɚɧɨ: 
m = 400 ɝ 

M = 600 ɝ 

α = 450 

ȝ = 0 

Ɋɟɲɟɧɢɟ:    
ɇɚ ɝɪɭɡ m ɞɟɣɫɬɜɭɸɬ ɫɢɥɚ ɬɹɠɟɫɬɢ mg ɢ ɫɢɥɚ ɧɚɬɹɠɟɧɢɹ 

ɧɢɬɢ T, ɧɚ ɝɪɭɡ Ɇ – ɫɢɥɚ ɬɹɠɟɫɬɢ  Mg, ɫɢɥɚ ɧɚɬɹɠɟɧɢɹ ɧɢɬɢ 
T ɢ ɫɢɥɚ ɧɨɪɦɚɥɶɧɨɝɨ ɞɚɜɥɟɧɢɹ  N ɨɩɨɪɵ. ɋɢɥɵ ɧɚɬɹɠɟɧɢɹ 
ɧɢɬɟɣ ɪɚɜɧɵ ɩɨ ɦɨɞɭɥɸ, ɬɚɤ ɤɚɤ ɦɚɫɫɚ ɧɢɬɢ ɩɪɟɧɟɛɪɟɠɢɦɨ 
ɦɚɥɚ. ɚ − ?   

ȼɬɨɪɨɣ ɡɚɤɨɧ ɇɶɸɬɨɧɚ 
ɜ ɜɟɤɬɨɪɧɨɣ ɮɨɪɦɟ 
ɩɪɢɧɢɦɚɟɬ ɜɢɞ: 

1-ɟ ɬɟɥɨ: amTgm


 , 

2-ɟ ɬɟɥɨ: amTgM


 . 

ȼɵɛɟɪɟɦ ɞɥɹ ɤɚɠɞɨɝɨ 
ɬɟɥɚ ɫɜɨɸ ɫɢɫɬɟɦɭ 
ɤɨɨɪɞɢɧɚɬ ɢ ɡɚɩɢɲɟɦ ɞɥɹ 
ɧɢɯ ɜɬɨɪɨɣ ɡɚɤɨɧ 
ɇɶɸɬɨɧɚ ɜ ɩɪɨɟɤɰɢɹɯ ɧɚ 
ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ 
ɤɨɨɪɞɢɧɚɬɧɵɟ ɨɫɢ.  

ɂɡ ɪɢɫ. 14 ɜɢɞɧɨ, ɱɬɨ ɧɚɦ ɞɨɫɬɚɬɨɱɧɨ ɜɵɛɪɚɬɶ ɞɥɹ ɩɟɪɜɨɝɨ ɬɟɥɚ ɨɞɧɭ 
ɨɫɶ Ɉɍ, ɧɚɩɪɚɜɥɟɧɧɭɸ ɜɟɪɬɢɤɚɥɶɧɨ ɜɜɟɪɯ. ȼ ɩɪɨɟɤɰɢɹɯ ɩɨɥɭɱɚɟɦ ɧɚ  
ɨɫɶ Ɉɍ: mgmaTmaTmg  . 
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Ɂɚɞɚɱɚ 3.5. ɑɟɪɟɡ ɨɞɧɨɪɨɞɧɵɣ ɰɢɥɢɧɞɪ ɦɚɫɫɨɣ M=2 ɤɝ ɩɟɪɟɤɢɧɭɬɚ 
ɧɢɬɶ ɫ ɝɪɭɡɚɦɢ m1=0,5 ɤɝ ɢ m2=1 ɤɝ. ɇɚɣɬɢ ɨɬɧɨɲɟɧɢɟ ɧɚɬɹɠɟɧɢɣ ɧɢɬɢ 
T2/T1. 
Дɚɧɨ: 
M = 2 ɤɝ  

m1 = 0,5 ɤɝ 

m2 = 1 ɤɝ 

Ɋɟɲɟɧɢɟ:    
ɉɪɢɦɟɧɢɦ ɤ ɪɟɲɟɧɢɸ ɡɚɞɚɱɢ ɨɫɧɨɜɧɵɟ ɡɚɤɨɧɵ 

ɩɨɫɬɭɩɚɬɟɥɶɧɨɝɨ ɢ ɜɪɚɳɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ. ɇɚ ɤɚɠɞɵɣ ɢɡ 
ɞɜɢɠɭɳɢɯɫɹ ɝɪɭɡɨɜ ɞɟɣɫɬɜɭɸɬ ɞɜɟ ɫɢɥɵ: ɫɢɥɚ ɬɹɠɟɫɬɢ mg, 
ɧɚɩɪɚɜɥɟɧɧɚɹ ɜɧɢɡ, ɢ ɫɢɥɚ ɧɚɬɹɠɟɧɢɹ ɧɢɬɢ T, ɧɚɩɪɚɜɥɟɧɧɚɹ 
ɜɜɟɪɯ (ɪɢɫ. 15)  

T2/T1 − ?   

ȼɬɨɪɨɣ ɡɚɤɨɧ ɇɶɸɬɨɧɚ ɜ ɜɟɤɬɨɪɧɨɣ 
ɮɨɪɦɟ ɩɪɢɧɢɦɚɟɬ ɜɢɞ: 

1-ɟ ɬɟɥɨ: amTgm


111  , 

2-ɟ ɬɟɥɨ: amTgm


222  . 

Ɉɫɶ ɭ, ɧɚ ɤɨɬɨɪɭɸ ɛɭɞɟɦ ɩɪɨɟɰɢɪɨɜɚɬɶ 
ɫɢɥɵ, ɞɥɹ ɤɚɠɞɨɝɨ ɬɟɥɚ ɧɚɩɪɚɜɢɦ ɩɨ 
ɜɟɪɬɢɤɚɥɢ ɜ ɫɬɨɪɨɧɭ ɞɜɢɠɟɧɢɹ. Ɍɨɝɞɚ ɜɬɨɪɨɣ 
ɡɚɤɨɧ ɇɶɸɬɨɧɚ ɜ ɫɤɚɥɹɪɧɨɣ ɮɨɪɦɟ ɩɪɢɦɟɬ 
ɜɢɞ: 

)(11111 agmTamTgm  ;   

)(22222 agmTamTgm  . 

ɋɨɝɥɚɫɧɨ ɨɫɧɨɜɧɨɦɭ ɡɚɤɨɧɭ ɞɢɧɚɦɢɤɢ 
ɜɪɚɳɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ, ɜɪɚɳɚɸɳɢɣ 
ɦɨɦɟɧɬ ɫɢɥ, ɩɪɢɥɨɠɟɧɧɵɣ ɤ ɰɢɥɢɧɞɪɭ: 

 

Ⱦɥɹ ɜɬɨɪɨɝɨ ɬɟɥɚ ɤɨɨɪɞɢɧɚɬɧɭɸ ɨɫɶ Ɉɏ ɧɚɩɪɚɜɢɦ ɜɞɨɥɶ ɧɚɤɥɨɧɧɨɣ 
ɩɥɨɫɤɨɫɬɢ, ɜ ɫɬɨɪɨɧɭ ɞɜɢɠɟɧɢɹ, ɨɫɶ OY – ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɤ ɧɟɣ.  

ȼɬɨɪɨɣ ɡɚɤɨɧ ɇɶɸɬɨɧɚ ɞɥɹ ɜɬɨɪɨɝɨ ɬɟɥɚ ɜ ɩɪɨɟɤɰɢɢ ɧɚ ɨɫɢ:  
Ɉɏ: MaMgTMaTMg   coscos , 

Ɉɍ: .0sin  NMg   

Ⱦɥɹ ɨɩɪɟɞɟɥɟɧɢɹ ɭɫɤɨɪɟɧɢɹ ɢɡ ɩɨɥɭɱɟɧɧɨɣ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ 
ɢɫɤɥɸɱɢɦ ɫɢɥɭ ɧɚɬɹɠɟɧɢɹ ɧɢɬɢ, ɩɪɢɪɚɜɧɹɜ ɢɯ ɡɧɚɱɟɧɢɹ ɞɥɹ ɞɜɭɯ ɬɟɥ: 

.cos MaMgmgma     

ȼɵɪɚɠɚɟɦ ɭɫɤɨɪɟɧɢɟ: .
cos

mM

mgMg
a







 
ɉɟɪɟɜɟɞɟɦ ɦɚɫɫɵ ɜ ɋɂ: 400 ɝ = 0,4 ɤɝ; 600 ɝ = 0,6 ɤɝ.

 

24,0
4,06,0

104,0
2

2106,0





a (ɦ/ɫ2).  

Ɉɬɜɟɬ: ɚ = 0,24 ɦ/ɫ2. 
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Mz = J , 

ɝɞɟ 
2

2

1
MRJ  – ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɰɢɥɢɧɞɪɚ, 

R

a
  – ɭɝɥɨɜɨɟ 

ɭɫɤɨɪɟɧɢɟ. 
Ɉɩɪɟɞɟɥɢɦ ɜɪɚɳɚɸɳɢɣ ɦɨɦɟɧɬ. ɐɢɥɢɧɞɪ ɫɨɜɟɪɲɚɟɬ ɜɪɚɳɚɬɟɥɶɧɨɟ 

ɞɜɢɠɟɧɢɟ ɩɨɞ ɞɟɣɫɬɜɢɟɦ ɫɢɥ ɧɚɬɹɠɟɧɢɹ ɧɢɬɢ ଵܶ′⃗⃗  ⃗ ɢ ଶܶ′⃗⃗  ⃗, ɩɪɢɥɨɠɟɧɧɵɯ ɤ 
ɨɛɨɞɭ ɰɢɥɢɧɞɪɚ. ɉɨ ɬɪɟɬɶɟɦɭ ɡɚɤɨɧɭ ɇɶɸɬɨɧɚ ɨɧɢ ˒ˑ ˏˑˇуˎю ɪɚɜɧɵ 
ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɫɢɥɚɦ ଵܶ⃗⃗  ⃗ ɢ ଶܶ⃗⃗  ⃗, ɧɨ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵ ɢɦ ɩɨ ɧɚɩɪɚɜɥɟɧɢɸ: ଵܶ′ = ଵܶ, ଶܶ′ = ଶܶ. 

ɉɪɢ ɞɜɢɠɟɧɢɢ ɝɪɭɡɨɜ ɰɢɥɢɧɞɪ ɜɪɚɳɚɟɬɫɹ ɩɨ ɱɚɫɨɜɨɣ ɫɬɪɟɥɤɟ, ɬ.ɟ. ଶܶ′ > ଵܶ′,  ɩɨɷɬɨɦɭ ɜɪɚɳɚɸɳɢɣ ɦɨɦɟɧɬ ɪɚɜɟɧ ɩɪɨɢɡɜɟɞɟɧɢɸ ɪɚɡɧɨɫɬɢ ɫɢɥ 
ɧɚ ɩɥɟɱɨ, ɪɚɜɧɨɟ ɪɚɞɢɭɫɭ ɞɢɫɤɚ: 

Mz = ሺ ଶܶ′ − ଵܶ′ሻܴ = ሺ ଶܶ − ଵܶሻܴ. 
ɉɨɞɫɬɚɜɢɜ ɜ ɨɫɧɨɜɧɨɣ ɡɚɤɨɧ ɞɢɧɚɦɢɤɢ ɜɪɚɳɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ 

ɜɵɪɚɠɟɧɢɹ ɞɥɹ Mz, J ɢ ε, ɩɨɥɭɱɢɦ: 

MaTT
R

a
MRRTT

2

1

2

1
)( 12

2
12 

.
 

ɉɨɞɫɬɚɜɢɦ ɜ ɷɬɨ ɜɵɪɚɠɟɧɢɟ Ɍ1 ɢ Ɍ2, ɩɨɥɭɱɟɧɧɵɟ ɢɡ ɜɬɨɪɨɝɨ ɡɚɤɨɧɚ 
ɇɶɸɬɨɧɚ:                   

Maamgmamgm
2

1
1122  ,ɢɥɢ 

 2

)(

2

1

21

12
2121

Mmm

gmm
agmgmMaamam




 . 

ɉɨɫɥɟ ɩɨɞɫɬɚɧɨɜɤɢ ɡɧɚɱɟɧɢɣ ɦɚɫɫ ɩɨɥɭɱɢɦ: 5ga  . 

Ɍɟɩɟɪɶ ɧɚɣɞɟɦ ɨɬɧɨɲɟɧɢɟ T2/T1, ɩɨɞɫɬɚɜɢɜ ɜɵɪɚɠɟɧɢɹ ɢɡ ɜɬɨɪɨɝɨ 
ɡɚɤɨɧɚ ɇɶɸɬɨɧɚ, ɚ ɜɦɟɫɬɨ ɭɫɤɨɪɟɧɢɹ ɚ – ɩɨɥɭɱɟɧɧɨɟ g/5:  

33,1
3

4

65

524

52

61
5

4

5

5

1

2

1

2 















 







 


g

g

g
gm

g
gm

T

T
. 

Ɉɬɜɟɬ: T2/T1 = 1,33.  
 

3.3. Ɂɚɞɚɱɢ ɞɥɹ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɝɨ ɪɟɲɟɧɢɹ 

1. Ɍɟɥɨ ɦɚɫɫɨɣ 1 ɤɝ ɭɩɚɥɨ ɫ ɜɵɫɨɬɵ 19 ɦ ɡɚ 2 ɫ. ɇɚɣɬɢ ɫɢɥɭ 
ɫɨɩɪɨɬɢɜɥɟɧɢɹ ɜɨɡɞɭɯɚ, ɫɱɢɬɚɹ ɟɟ ɩɨɫɬɨɹɧɧɨɣ [1 ɛɚɥɥ]. Ɉɬɜɟɬ: 0,3 ɇ. 

2. Ɇɚɯɨɜɢɤ ɜ ɜɢɞɟ ɰɢɥɢɧɞɪɚ ɦɚɫɫɨɣ 10 ɤɝ ɢ ɪɚɞɢɭɫɨɦ 40 ɫɦ 
ɬɨɪɦɨɡɢɬɫɹ ɫ ɩɨɦɨɳɶɸ ɤɨɥɨɞɤɢ, ɩɪɢɠɢɦɚɟɦɨɣ ɤ ɜɧɟɲɧɟɣ ɩɨɜɟɪɯɧɨɫɬɢ 
ɦɚɯɨɜɢɤɚ. Ʉɨɷɮɮɢɰɢɟɧɬ ɬɪɟɧɢɹ ɪɚɜɟɧ 0,1. ɋ ɤɚɤɨɣ ɫɢɥɨɣ ɬɨɪɦɨɡɧɚɹ 
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ɤɨɥɨɞɤɚ ɞɨɥɠɧɚ ɩɪɢɠɢɦɚɬɶɫɹ ɤ ɦɚɯɨɜɢɤɭ, ɱɬɨɛɵ ɭɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ 
ɛɵɥɨ ɪɚɜɧɚ 2 ɪɚɞ/ɫ? [1 ɛɚɥɥ] Ɉɬɜɟɬ: 40 ɇ. 

3. ɒɚɪ, ɩɨɞɜɟɲɟɧɧɵɣ ɧɚ ɧɢɬɢ, ɩɨɞɧɢɦɚɸɬ, ɧɚɦɚɬɵɜɚɹ ɧɚ ɧɟɝɨ ɧɢɬɶ, 
ɢ ɨɬɩɭɫɤɚɸɬ. ɋ ɤɚɤɢɦ ɭɫɤɨɪɟɧɢɟɦ ɛɭɞɟɬ ɨɩɭɫɤɚɬɶɫɹ ɰɟɧɬɪ ɦɚɫɫ ɲɚɪɚ? [2 
ɛɚɥɥɚ] Ɉɬɜɟɬ: 7,14 ɦ/ɫ2. 

4. Ⱦɜɚ ɬɟɥɚ ɦɚɫɫɚɦɢ 3 ɢ 5 ɤɝ, ɫɨɟɞɢɧɟɧɧɵɟ ɧɢɬɶɸ, ɫɩɨɫɨɛɧɨɣ 
ɜɵɞɟɪɠɚɬɶ ɦɚɤɫɢɦɚɥɶɧɭɸ ɧɚɝɪɭɡɤɭ 20 ɇ, ɥɟɠɚɬ ɧɚ ɲɟɪɨɯɨɜɚɬɨɣ 
ɝɨɪɢɡɨɧɬɚɥɶɧɨɣ ɩɨɜɟɪɯɧɨɫɬɢ (ɤɨɷɮɮɢɰɢɟɧɬ ɬɪɟɧɢɹ ɪɚɜɟɧ 0,1). ɋ ɤɚɤɨɣ 
ɦɚɤɫɢɦɚɥɶɧɨɣ ɫɢɥɨɣ ɦɨɠɧɨ ɬɹɧɭɬɶ ɫɢɫɬɟɦɭ ɡɚ ɩɟɪɜɨɟ ɬɟɥɨ, ɱɬɨɛɵ ɧɢɬɶ 
ɧɟ ɨɛɨɪɜɚɥɚɫɶ?  [2 ɛɚɥɥɚ] Ɉɬɜɟɬ: 32 ɇ. 

5. Ɉɞɧɨɪɨɞɧɵɣ ɫɩɥɨɲɧɨɣ ɰɢɥɢɧɞɪ ɦɚɫɫɨɣ 2 ɤɝ ɦɨɠɟɬ ɫɜɨɛɨɞɧɨ 
ɜɪɚɳɚɬɶɫɹ ɜɨɤɪɭɝ ɧɟɩɨɞɜɢɠɧɨɣ ɝɨɪɢɡɨɧɬɚɥɶɧɨɣ ɨɫɢ. ɇɚ ɰɢɥɢɧɞɪ ɜ ɨɞɢɧ 
ɫɥɨɣ ɧɚɦɨɬɚɧɚ ɬɨɧɤɚɹ ɰɟɩɶ ɦɚɫɫɨɣ 9 ɤɝ. ɐɟɩɶ ɧɚɱɢɧɚɟɬ ɪɚɡɦɚɬɵɜɚɬɶɫɹ 
ɩɨɞ ɞɟɣɫɬɜɢɟɦ ɫɜɨɟɝɨ ɜɟɫɚ. ɇɚɣɬɢ ɭɝɥɨɜɨɟ ɭɫɤɨɪɟɧɢɟ ɰɢɥɢɧɞɪɚ ɜ ɬɨɬ 
ɦɨɦɟɧɬ, ɤɨɝɞɚ ɫ ɰɢɥɢɧɞɪɚ ɫɜɟɲɢɜɚɟɬɫɹ ɬɪɟɬɶ ɰɟɩɢ [3 ɛɚɥɥɚ]. Ɉɬɜɟɬ: 
20 ɪɚɞ/ɫ2. 
 
3.4. Ɋɟɤɨɦɟɧɞɭɟɦɚɹ ɥɢɬɟɪɚɬɭɪɚ ɩɨ ɬɟɦɟ 

1. ɑɟɪɬɨɜ Ⱥ.Ƚ., ȼɨɪɨɛɶɟɜ Ⱥ.Ⱥ. Ɂɚɞɚɱɧɢɤ ɩɨ ɮɢɡɢɤɟ. Ɇ.: Ɏɢɡɦɚɬɥɢɬ, 
2007. §2, 3. Ɂɚɞɚɱɢ 2.1 – 2.33, 2.42 – 2.56, 3.19 – 3.28. 

2. Ɍɪɨɮɢɦɨɜɚ Ɍ.ɂ. ɋɛɨɪɧɢɤ ɡɚɞɚɱ ɩɨ ɤɭɪɫɭ ɮɢɡɢɤɢ. Ɇ.: ȼɵɫɲ. ɲɤ., 
2008. §1.2, 1.4. Ɂɚɞɚɱɢ 1.46 – 1.63, 1.142 – 1.156. 

3. Ⱦɟɬɥɚɮ Ⱥ.Ⱥ., əɜɨɪɫɤɢɣ Ȼ.Ɇ. Ʉɭɪɫ ɮɢɡɢɤɢ. Ɇ., 2008. 
 

Ɍɟɦɚ 4. ɁȺɄɈɇɕ ɋɈɏɊȺɇȿɇɂə ȼ ɆȿɏȺɇɂɄȿ 

ȼ ɤɨɧɬɪɨɥɶɧɨɣ ɪɚɛɨɬɟ ɩɨ ɬɟɦɟ «Ɂɚɤɨɧɵ ɫɨɯɪɚɧɟɧɢɹ ɜ ɦɟɯɚɧɢɤɟ» 
ɧɟɨɛɯɨɞɢɦɨ ɪɟɲɢɬɶ ɡɚɞɚɱɢ ɩɨ ɫɥɟɞɭɸɳɢɦ ɨɫɧɨɜɧɵɦ ɬɟɦɚɬɢɤɚɦ: 

1. Ɋɚɛɨɬɚ (1 ɛɚɥɥ). 
2. Ɂɚɤɨɧ ɫɨɯɪɚɧɟɧɢɹ ɷɧɟɪɝɢɢ ɜ ɩɥɨɫɤɨɦ ɞɜɢɠɟɧɢɢ (2 ɛɚɥɥɚ). 
3. Ɂɚɤɨɧ ɫɨɯɪɚɧɟɧɢɹ ɢɦɩɭɥɶɫɚ ɜ ɩɨɫɬɭɩɚɬɟɥɶɧɨɦ ɞɜɢɠɟɧɢɢ (1 ɛɚɥɥ). 
4. Ɂɚɤɨɧ ɫɨɯɪɚɧɟɧɢɹ ɦɨɦɟɧɬɚ ɢɦɩɭɥɶɫɚ (2 ɛɚɥɥɚ).  
5. Ɂɚɤɨɧɵ ɫɨɯɪɚɧɟɧɢɹ ɢɦɩɭɥɶɫɚ ɢ ɷɧɟɪɝɢɢ ɫɨɜɦɟɫɬɧɨ (3 ɛɚɥɥɚ). 

 
4.1. Ɉɫɧɨɜɧɵɟ ɮɨɪɦɭɥɵ 

Ɂɚɤɨɧ ɫɨɯɪɚɧɟɧɢɹ ɢɦɩɭɥɶɫɚ: 





N

i

i constp
1


, ɢɥɢ 




N

i

ii constvm
1

,


   (47)
 

ɝɞɟ N — ɱɢɫɥɨ ɦɚɬɟɪɢɚɥɶɧɵɯ ɬɨɱɟɤ (ɢɥɢ ɬɟɥ), ɜɯɨɞɹɳɢɯ ɜ ɡɚɦɤɧɭɬɭɸ 
ɫɢɫɬɟɦɭ. 

Ɋɚɛɨɬɚ, ɫɨɜɟɪɲɚɟɦɚɹ ɩɨɫɬɨɹɧɧɨɣ ɫɢɥɨɣ F (ɩɪɢ ɷɥɟɦɟɧɬɚɪɧɨɦ 
ɩɟɪɟɦɟɳɟɧɢɢ ∆𝒓): 

rFA


 , ɢɥɢ cossFA  ,   (48) 
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ɝɞɟ ∆ݏ =  |∆𝒓| – ɷɥɟɦɟɧɬɚɪɧɵɣ ɩɭɬɶ,   — ɭɝɨɥ ɦɟɠɞɭ ɧɚɩɪɚɜɥɟɧɢɹɦɢ 
ɜɟɤɬɨɪɨɜ F ɢ  r. 

Ɋɚɛɨɬɚ ɩɟɪɟɦɟɧɧɨɣ ɫɢɥɵ F ɧɚ ɩɭɬɢ s: 𝐴 = ∫ ܨ cos 𝛼 ௦଴ݏ݀ .      (49) 

ɂɡɦɟɧɟɧɢɟ ɩɨɥɧɨɣ ɷɧɟɪɝɢɢ ɫɢɫɬɟɦɵ ɪɚɜɧɨ ɪɚɛɨɬɟ, ɫɨɜɟɪɲɟɧɧɨɣ 
ɜɧɟɲɧɢɦɢ ɫɢɥɚɦɢ, ɩɪɢɥɨɠɟɧɧɵɦɢ ɤ ɫɢɫɬɟɦɟ: ࢃ૛ − ૚ࢃ = 𝑨˅ːˈш.    (50) 

Ʉɢɧɟɬɢɱɟɫɤɚɹ ɷɧɟɪɝɢɹ ɬɟɥɚ, ɞɜɢɠɭɳɟɝɨɫɹ ɩɨɫɬɭɩɚɬɟɥɶɧɨ: 
T = mv2/2, ɢɥɢ T = p2/(2m).        (51) 

Ʉɢɧɟɬɢɱɟɫɤɚɹ ɷɧɟɪɝɢɹ ɬɟɥɚ, ɜɪɚɳɚɸɳɟɝɨɫɹ ɜɨɤɪɭɝ ɨɫɢ: 
T = Jω2/2.         (52) 

ȼ ɫɥɭɱɚɟ ɩɥɨɫɤɨɝɨ ɞɜɢɠɟɧɢɹ ɬɟɥɚ, ɧɚɩɪɢɦɟɪ ɰɢɥɢɧɞɪɚ, 
ɫɤɚɬɵɜɚɸɳɟɝɨɫɹ ɫ ɧɚɤɥɨɧɧɨɣ ɩɥɨɫɤɨɫɬɢ ɛɟɡ ɫɤɨɥɶɠɟɧɢɹ, ɷɧɟɪɝɢɹ ɪɚɜɧɚ 
ɫɭɦɦɟ  ɷɧɟɪɝɢɣ ɩɨɫɬɭɩɚɬɟɥɶɧɨɝɨ ɢ ɜɪɚɳɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɣ: 

2 22 2c cT mv J   ,                                      (53) 

ɝɞɟ m  – ɦɚɫɫɚ ɬɟɥɚ; cv  –  ɫɤɨɪɨɫɬɶ ɩɨɫɬɭɩɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ ɰɟɧɬɪɚ 
ɦɚɫɫ; cJ  – ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɬɟɥɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɟɝɨ 
ɰɟɧɬɪ ɦɚɫɫ;   – ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ. 

ɉɨɬɟɧɰɢɚɥɶɧɚɹ ɷɧɟɪɝɢɹ ɭɩɪɭɝɨɞɟɮɨɪɦɢɪɨɜɚɧɧɨɝɨ ɬɟɥɚ (ɫɠɚɬɨɣ ɢɥɢ 
ɪɚɫɬɹɧɭɬɨɣ ɩɪɭɠɢɧɵ) 

ɉ = kx2/2.         (54) 
 ɉɨɬɟɧɰɢɚɥɶɧɚɹ ɷɧɟɪɝɢɹ ɬɟɥɚ, ɩɨɞɧɹɬɨɝɨ ɜɛɥɢɡɢ ɩɨɜɟɪɯɧɨɫɬɢ Ɂɟɦɥɢ 

ɧɚ ɜɵɫɨɬɭ h, 
ɉ = mgh,                                              (55) 

Ɂɚɤɨɧ ɫɨɯɪɚɧɟɧɢɹ ɷɧɟɪɝɢɢ ɜ ɦɟɯɚɧɢɤɟ: ɩɨɥɧɚɹ ɦɟɯɚɧɢɱɟɫɤɚɹ ɷɧɟɪɝɢɹ 
ɡɚɦɤɧɭɬɨɣ ɫɢɫɬɟɦɵ, ɜ ɤɨɬɨɪɨɣ ɞɟɣɫɬɜɭɸɬ ɬɨɥɶɤɨ ɤɨɧɫɟɪɜɚɬɢɜɧɵɟ ɫɢɥɵ, 
ɩɨɫɬɨɹɧɧɚ: 

T + ɉ =  const.     (56) 
ɉɪɢɦɟɧɹɹ ɡɚɤɨɧɵ ɫɨɯɪɚɧɟɧɢɹ ɷɧɟɪɝɢɢ ɢ ɢɦɩɭɥɶɫɚ ɤ ɩɪɹɦɨɦɭ 

ɰɟɧɬɪɚɥɶɧɨɦɭ ɭɞɚɪɭ ɲɚɪɨɜ, ɩɨɥɭɱɚɟɦ ɮɨɪɦɭɥɭ ɫɤɨɪɨɫɬɢ ɚɛɫɨɥɸɬɧɨ 
ɧɟɭɩɪɭɝɢɯ ɲɚɪɨɜ ɩɨɫɥɟ ɭɞɚɪɚ 

)/()( 212211 mmvmvmu 


    (57) 

ɢ ɮɨɪɦɭɥɵ ɫɤɨɪɨɫɬɢ ɚɛɫɨɥɸɬɧɨ ɭɩɪɭɝɢɯ ɲɚɪɨɜ ɩɨɫɥɟ ɭɞɚɪɚ: 
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
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







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    (58)

 

ɝɞɟ m1 ɢ m2 — ɦɚɫɫɵ ɲɚɪɨɜ; 𝑣ଵ⃗⃗⃗⃗  ɢ 𝑣ଶ⃗⃗⃗⃗  — ɢɯ ɫɤɨɪɨɫɬɢ ɞɨ ɭɞɚɪɚ. 
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 Ɂɚɤɨɧ ɫɨɯɪɚɧɟɧɢɹ ɦɨɦɟɧɬɚ ɢɦɩɭɥɶɫɚ: ɜ ɡɚɦɤɧɭɬɨɣ ɫɢɫɬɟɦɟ ɦɨɦɟɧɬ 
ɜɧɟɲɧɢɯ ɫɢɥ 0M   ɢ 0dL dt  , ɩɨɷɬɨɦɭ ɦɨɦɟɧɬ ɢɦɩɭɥɶɫɚ ɫɨɯɪɚɧɹɟɬɫɹ: ⃗ܮ = 𝐽𝜔⃗⃗ =                        (59)         .ݏݐݏ݊݋ܿ

Ɋɚɛɨɬɚ ɩɨɫɬɨɹɧɧɨɝɨ ɦɨɦɟɧɬɚ ɫɢɥ, ɞɟɣɫɬɜɭɸɳɢɯ ɧɚ ɬɟɥɨ, 
A = Mφ.          (60) 

 
4.2. ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɬɢɩɨɜɵɯ ɡɚɞɚɱ 

Ɂɚɞɚɱɚ 4.1. Ɇɚɯɨɜɢɤ ɜ ɜɢɞɟ ɞɢɫɤɚ ɦɚɫɫɨɣ 80 ɤɝ ɢ ɪɚɞɢɭɫɨɦ 30 ɫɦ 
ɧɚɯɨɞɢɬɫɹ ɜ ɫɨɫɬɨɹɧɢɢ ɩɨɤɨɹ. Ʉɚɤɭɸ ɪɚɛɨɬɭ ɧɭɠɧɨ ɫɨɜɟɪɲɢɬɶ, ɱɬɨɛɵ 
ɫɨɨɛɳɢɬɶ ɦɚɯɨɜɢɤɭ ɱɚɫɬɨɬɭ 10 ɨɛ/ɫ? [1 ɛɚɥɥ] 
Дɚɧɨ: 
m = 80 ɤɝ 

R = 30 ɫɦ 
Ȟ1 = 10 ɨɛ/ɫ 

Ɋɟɲɟɧɢɟ:    
Ɋɚɛɨɬɚ ɪɚɜɧɚ ɢɡɦɟɧɟɧɢɸ ɷɧɟɪɝɢɢ ɫɢɫɬɟɦɵ, ɭɱɢɬɵɜɚɹ, 

ɱɬɨ ω0 = 0, ɡɚɩɢɫɵɜɚɟɦ ɫɜɹɡɶ ɪɚɛɨɬɵ ɫ ɤɢɧɟɬɢɱɟɫɤɨɣ 

ɷɧɟɪɝɢɟɣ: .
222

2
1

2
0

2
1  








JJJ

A   А − ?   

Ɂɞɟɫɶ J 2

2

1
mR  – ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɞɢɫɤɚ, ω1 12  – ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ.  

ɉɟɪɟɜɟɞɟɦ ɟɞɢɧɢɰɵ ɜ ɋɂ: 30 ɫɦ = 0,3 ɦ.  

ȼ ɢɬɨɝɟ ɩɨɥɭɱɚɟɦ:    21

2

1
2 2

2

1

2

1  RmmRA  .
  

ɉɨɞɫɬɚɜɥɹɟɦ ɱɢɫɥɨɜɵɟ ɞɚɧɧɵɟ: Ⱥ = 80·(0,3·3,14·10)2 = 7,1(ɤȾɠ).  
Ɉɬɜɟɬ: Ⱥ = 7,1 ɤȾɠ. 
 

Ɂɚɞɚɱɚ 4.2. ɒɚɪ ɪɚɞɢɭɫɨɦ 14 ɫɦ ɩɨɞɜɟɲɟɧ ɬɚɤ, ɱɬɨ ɨɫɶ ɜɪɚɳɟɧɢɹ 
ɤɚɫɚɟɬɫɹ ɩɨɜɟɪɯɧɨɫɬɢ ɲɚɪɚ. Ʉɚɤɭɸ ɥɢɧɟɣɧɭɸ ɫɤɨɪɨɫɬɶ ɧɭɠɧɨ ɩɪɢɞɚɬɶ 
ɰɟɧɬɪɭ ɲɚɪɚ, ɱɬɨɛɵ ɨɧ ɫɨɜɟɪɲɢɥ ɩɨɥɧɵɣ ɨɛɨɪɨɬ ɜɨɤɪɭɝ ɬɨɱɤɢ ɩɨɞɜɟɫɚ? 
[2 ɛɚɥɥɚ] 
Дɚɧɨ: 
R = 14 ɫɦ 

Ɋɟɲɟɧɢɟ:    
Ɍɚɤ ɤɚɤ ɜ ɞɚɧɧɨɦ ɫɥɭɱɚɟ ɨɬɫɭɬɫɬɜɭɸɬ ɫɢɥɵ ɬɪɟɧɢɹ, 

ɷɧɟɪɝɢɹ ɫɢɫɬɟɦɵ ɧɟ ɢɡɦɟɧɹɟɬɫɹ ɩɪɢ ɟё ɞɜɢɠɟɧɢɢ, ɩɨɷɬɨɦɭ v0 − ?   

W1 = W2, 
W1 – ɤɢɧɟɬɢɱɟɫɤɚɹ ɷɧɟɪɝɢɹ ɲɚɪɚ ɜ ɧɢɠɧɟɣ ɬɨɱɤɟ 

(ɫɱɢɬɚɟɦ ɩɨɬɟɧɰɢɚɥɶɧɭɸ ɷɧɟɪɝɢɸ ɪɚɜɧɨɣ ɧɭɥɸ),  
W2 – ɩɨɬɟɧɰɢɚɥɶɧɚɹ ɷɧɟɪɝɢɹ ɲɚɪɚ ɜ ɜɟɪɯɧɟɣ ɬɨɱɤɟ. 

Ɂɧɚɱɢɬ, ɞɥɹ ɬɨɝɨ, ɱɬɨɛɵ ɲɚɪ ɫɦɨɝ ɫɞɟɥɚɬɶ ɩɨɥɧɵɣ 
ɨɛɨɪɨɬ, ɧɟɨɛɯɨɞɢɦɨ ɩɪɢɞɚɬɶ ɟɦɭ ɤɢɧɟɬɢɱɟɫɤɭɸ 
ɷɧɟɪɝɢɸ, ɧɟ ɦɟɧɶɲɭɸ, ɱɟɦ ɩɨɬɟɧɰɢɚɥɶɧɚɹ ɷɧɟɪɝɢɹ W2= 

= mgh.  
ȿɫɥɢ ɩɪɢɧɹɬɶ ɩɨɥɨɠɟɧɢɟ ɰɟɧɬɪɚ ɦɚɫɫ ɲɚɪɚ ɜ ɧɢɠɧɟɣ ɬɨɱɤɟ ɜɪɚɳɟɧɢɹ 

ɡɚ ɧɭɥɟɜɨɣ ɭɪɨɜɟɧɶ ɩɨɬɟɧɰɢɚɥɶɧɨɣ ɷɧɟɪɝɢɢ, ɬɨ ɜɵɫɨɬɚ ɩɨɥɨɠɟɧɢɹ ɰɟɧɬɪɚ 
ɦɚɫɫ ɜ ɜɟɪɯɧɟɣ ɬɨɱɤɟ ɜɪɚɳɟɧɢɹ ɛɭɞɟɬ ɫɨɨɬɜɟɬɫɬɜɨɜɚɬɶ ɞɜɭɦ ɪɚɞɢɭɫɚɦ:    
h = 2R. 
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Ʉɢɧɟɬɢɱɟɫɤɚɹ ɷɧɟɪɝɢɹ ɜɪɚɳɟɧɢɹ: 
2

2

1




J
W .  

Ɇɨɦɟɧɬ ɢɧɟɪɰɢɢ ɲɚɪɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɤɚɫɚɬɟɥɶɧɨɣ ɤ ɩɨɜɟɪɯɧɨɫɬɢ 

ɲɚɪɚ, ɧɚɣɞɟɦ ɩɨ ɬɟɨɪɟɦɟ ɒɬɟɣɧɟɪɚ: 
222

5

7

5

2
mRmRmRJ  . 

ɍɱɢɬɵɜɚɹ, ɱɬɨ ɭɝɥɨɜɚɹ ɫɤɨɪɨɫɬɶ ɫɜɹɡɚɧɚ ɫ ɥɢɧɟɣɧɨɣ ɨɬɧɨɲɟɧɢɟɦ 

R

  , ɩɨɥɭɱɚɟɦ: 

 







2

02

2

1

5

7
2

R

v
mRRmg

 
 2

0
20

7
mvgR .

7

20
0

gR
v   

ɉɟɪɟɜɟɞɟɦ ɞɚɧɧɵɟ ɜ ɋɂ: 14 ɫɦ = 0,14 ɦ. 
ɉɨɞɫɬɚɜɥɹɹ ɱɢɫɥɨɜɵɟ ɡɧɚɱɟɧɢɹ, ɩɨɥɭɱɚɟɦ: v0 = 2 ɦ/ɫ.  
Ɉɬɜɟɬ: v0 =2 ɦ/ɫ. 

 

Ɂɚɞɚɱɚ 4.3. Ʉɚɤɨɜɚ ɫɪɟɞɧɹɹ ɫɢɥɚ ɞɚɜɥɟɧɢɹ ɧɚ ɩɥɟɱɨ ɩɪɢ ɫɬɪɟɥɶɛɟ ɢɡ 
ɚɜɬɨɦɚɬɚ, ɟɫɥɢ ɦɚɫɫɚ ɩɭɥɢ 10 ɝ, ɫɤɨɪɨɫɬɶ ɩɭɥɢ ɩɪɢ ɜɵɥɟɬɟ ɢɡ ɫɬɜɨɥɚ 300 
ɦ/ɫ? ɑɢɫɥɨ ɜɵɫɬɪɟɥɨɜ ɢɡ ɚɜɬɨɦɚɬɚ ɜ ɟɞɢɧɢɰɭ ɜɪɟɦɟɧɢ ɪɚɜɧɨ 300 1/ɦɢɧ [1 
ɛɚɥɥ]. 
Дɚɧɨ: 
m = 10 ɝ 
υ = 300 ɦ/ɫ 

n = 300 
ଵˏиː 

Ɋɟɲɟɧɢɟ:    
ɉɨ ɨɞɧɨɣ ɢɡ ɮɨɪɦɭɥɢɪɨɜɨɤ ɜɬɨɪɨɝɨ ɡɚɤɨɧɚ ɇɶɸɬɨɧɚ 

ɫɢɥɚ ɪɚɜɧɚ ɫɤɨɪɨɫɬɢ ɢɡɦɟɧɟɧɢɹ ɢɦɩɭɥɶɫɚ: ܨ = ⃗⃗⃗⃗݌∆  ⃗ ⁄.ݐ∆  
ɂɦɩɭɥɶɫ, ɩɟɪɟɞɚɜɚɟɦɵɣ ɩɥɟɱɭ, ɪɚɜɟɧ ɩɪɨɢɡɜɟɞɟɧɢɸ ɦɚɫɫɵ 
ɨɞɧɨɣ ɩɭɥɢ ɧɚ ɫɤɨɪɨɫɬɶ ɢ ɧɚ ɱɢɫɥɨ ɩɭɥɶ: ∆݌ = ݉𝑣 ∙ ܰ.  

Ɍɚɤ ɤɚɤ ɤɨɥɢɱɟɫɬɜɨ ɜɵɫɬɪɟɥɨɜ ɜ ɟɞɢɧɢɰɭ ɜɪɟɦɟɧɢ ɟɫɬɶ 
ɱɚɫɬɨɬɚ ɜɵɫɬɪɟɥɨɜ, ɬɨ ɩɟɪɟɜɟɞɹ ɜ ɋɂ, ɩɨɥɭɱɢɦ: 

F − ?   

݊ = ே∆௧ = ͵ͲͲ ଵˏиː = 5 ଵ௖, m =10 ɝ = 0,01 ɤɝ. 

ɉɨɥɭɱɚɟɦ: .mvn
t

mvN
F 




 
ɉɨɞɫɬɚɜɥɹɹ ɱɢɫɥɨɜɵɟ ɡɧɚɱɟɧɢɹ, ɩɨɥɭɱɚɟɦ:  

15530001,0 F  (ɇ).  
Ɉɬɜɟɬ: F = 15 ɇ. 
 

Ɂɚɞɚɱɚ 4.4. ȼ ɰɟɧɬɪɟ ɫɤɚɦɶɢ ɀɭɤɨɜɫɤɨɝɨ ɫɬɨɢɬ ɱɟɥɨɜɟɤ ɢ ɞɟɪɠɢɬ ɜ 
ɪɭɤɚɯ ɫɬɟɪɠɟɧɶ ɞɥɢɧɧɨɣ 2,4 ɦ ɢ ɦɚɫɫɨɣ 8 ɤɝ, ɪɚɫɩɨɥɨɠɟɧɧɵɣ 
ɜɟɪɬɢɤɚɥɶɧɨ ɩɨ ɨɫɢ ɜɪɚɳɟɧɢɹ ɫɤɚɦɟɣɤɢ. ɋɤɚɦɶɹ ɫ ɱɟɥɨɜɟɤɨɦ ɜɪɚɳɚɟɬɫɹ ɫ 
ɱɚɫɬɨɬɨɣ 1 ɨɛ/ɫ. ɋ ɤɚɤɨɣ ɱɚɫɬɨɬɨɣ ɛɭɞɟɬ ɜɪɚɳɚɬɶɫɹ ɫɤɚɦɶɹ ɫ ɱɟɥɨɜɟɤɨɦ, 
ɟɫɥɢ ɨɧ ɩɨɜɟɪɧɟɬ ɫɬɟɪɠɟɧɶ ɜ ɝɨɪɢɡɨɧɬɚɥɶɧɨɟ ɩɨɥɨɠɟɧɢɟ ɬɚɤ, ɱɬɨ ɰɟɧɬɪ 
ɟɝɨ ɛɭɞɟɬ ɧɚɯɨɞɢɬɶɫɹ ɧɚ ɨɫɢ ɜɪɚɳɟɧɢɹ? ɋɭɦɦɚɪɧɵɣ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ 
ɱɟɥɨɜɟɤɚ ɢ ɫɤɚɦɶɢ J = 6 ɤɝ·ɦ2 [2 ɛɚɥɥɚ]. 
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Дɚɧɨ: 
l = 2,4 ɦ 

m = 8 ɤɝ 

n1 = 1 
ˑ˄̝

 

J = 6 ɤɝ·ɦ2
 

Ɋɟɲɟɧɢɟ:    
ɉɨ ɡɚɤɨɧɭ ɫɨɯɪɚɧɟɧɢɹ ɦɨɦɟɧɬɚ ɢɦɩɭɥɶɫɚ ɟɫɥɢ 

ɫɭɦɦɚɪɧɵɣ ɦɨɦɟɧɬ ɫɢɥ ɪɚɜɟɧ ɧɭɥɸ, ɬɨ ɩɪɨɢɡɜɟɞɟɧɢɟ 
ɦɨɦɟɧɬɨɜ ɢɧɟɪɰɢɢ ɧɚ ɭɝɥɨɜɭɸ ɫɤɨɪɨɫɬɶ ɨɫɬɚɟɬɫɹ 
ɩɨɫɬɨɹɧɧɵɦ, ɬ.ɟ. L = J·ω = const. ɍɱɢɬɵɜɚɹ ɫɜɹɡɶ ɭɝɥɨɜɨɣ 
ɫɤɨɪɨɫɬɢ ɫ ɱɚɫɬɨɬɨɣ ɜɪɚɳɟɧɢɹ n 2 , ɩɨɥɭɱɚɟɦ: 

2211 22 nJnJ     1

2

1
2 n

J

J
n  . 

n2 − ?   

Ɍɚɤ ɤɚɤ ɢɡɧɚɱɚɥɶɧɨ ɫɬɟɪɠɟɧɶ ɪɚɫɩɨɥɨɠɟɧ ɜɟɪɬɢɤɚɥɶɧɨ ɢ ɫɨɜɩɚɞɚɟɬ ɫ 
ɨɫɶɸ ɜɪɚɳɟɧɢɹ ɫɢɫɬɟɦɵ (ɪɢɫ. 17, ɚ), ɬɨ ɟɝɨ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɪɚɜɟɧ ɧɭɥɸ, 
ɬɚɤ ɤɚɤ ɪɚɫɫɬɨɹɧɢɟ ɜɫɟɯ ɟɝɨ ɬɨɱɟɤ ɨɬ ɨɫɢ ɜɪɚɳɟɧɢɹ ɪɚɜɧɨ ɧɭɥɸ. Ɍɨɝɞɚ 
ɧɚɱɚɥɶɧɵɣ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɦɨɦɟɧɬɭ ɢɧɟɪɰɢɢ ɱɟɥɨɜɟɤɚ ɢ 
ɫɤɚɦɶɢ: JJ 1 .   

Ʉɨɝɞɚ ɱɟɥɨɜɟɤ ɦɟɧɹɟɬ ɩɨɥɨɠɟɧɢɟ ɫɬɟɪɠɧɹ (ɪɢɫ. 17, ɛ), ɦɨɦɟɧɬ 
ɢɧɟɪɰɢɢ ɫɢɫɬɟɦɵ ɭɜɟɥɢɱɢɜɚɟɬɫɹ ɧɚ ɜɟɥɢɱɢɧɭ ɦɨɦɟɧɬɚ ɢɧɟɪɰɢɢ J' 
ɫɬɟɪɠɧɹ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɟɝɨ ɰɟɧɬɪ:  

'2 JJJ  , ɝɞɟ 2

12

1
' mlJ  . 

ɉɨɞɫɬɚɜɥɹɹ ɜ ɜɵɪɚɠɟɧɢɟ ɞɥɹ ɱɚɫɬɨɬɵ, 
ɩɨɥɭɱɚɟɦ: 

1
2

2

12

1
n

mlJ

J
n


 .

 
ɉɨɞɫɬɚɜɥɹɹ ɱɢɫɥɟɧɧɵɟ ɡɧɚɱɟɧɢɹ, ɩɨɥɭɱɚɟɦ: 

61,01
4,28

12

1
6

6

2
2 


n  (ɨɛ/ɫ).  

Ɉɬɜɟɬ: n2 = 0,61 ɨɛ/ɫ. 
 

Ɂɚɞɚɱɚ 4.5. Ʉɥɢɧ ɦɚɫɫɨɣ 4 ɤɝ ɧɚɯɨɞɢɬɫɹ ɧɚ ɝɥɚɞɤɨɣ ɝɨɪɢɡɨɧɬɚɥɶɧɨɣ 
ɩɥɨɫɤɨɫɬɢ. ɇɚ ɤɥɢɧ ɧɚ ɜɵɫɨɬɭ 1 ɫɦ ɤɥɚɞɭɬ ɛɪɭɫɨɤ ɦɚɫɫɨɣ 1 ɤɝ, ɤɨɬɨɪɵɣ 
ɫɤɨɥɶɡɢɬ ɩɨ ɤɥɢɧɭ ɛɟɡ ɬɪɟɧɢɹ. ɇɚɣɬɢ ɫɤɨɪɨɫɬɶ ɤɥɢɧɚ ɜ ɬɨɬ ɦɨɦɟɧɬ, ɤɨɝɞɚ 
ɛɪɭɫɨɤ ɫɨɫɤɨɥɶɡɧɟɬ ɧɚ ɩɥɨɫɤɨɫɬɶ [3 ɛɚɥɥɚ]. 
Дɚɧɨ: 
M = 4 ɤɝ  

h = 1 ɫɦ 

m = 1 ɤɝ 
µ = 0 

Ɋɟɲɟɧɢɟ:    
ȼ ɭɫɥɨɜɢɹɯ ɡɚɞɚɱɢ ɫɤɚɡɚɧɨ, ɱɬɨ ɩɨɜɟɪɯɧɨɫɬɢ ɩɥɨɫɤɨɫɬɢ 

ɢ ɤɥɢɧɚ ɝɥɚɞɤɢɟ, ɡɧɚɱɢɬ, ɬɪɟɧɢɟɦ ɩɪɟɧɟɛɪɟɝɚɟɦ. Ɍɚɤ ɤɚɤ 
ɫɢɥɵ ɬɪɟɧɢɹ ɨɬɫɭɬɫɬɜɭɸɬ, ɬɨ ɫɢɫɬɟɦɭ ɤɥɢɧ-ɛɪɭɫɨɤ ɦɨɠɧɨ 
ɫɱɢɬɚɬɶ ɡɚɦɤɧɭɬɨɣ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɜɵɩɨɥɧɹɸɬɫɹ ɡɚɤɨɧɵ 
ɫɨɯɪɚɧɟɧɢɹ ɦɟɯɚɧɢɱɟɫɤɨɣ ɷɧɟɪɝɢɢ ɢ ɢɦɩɭɥɶɫɚ.  U − ?   

ɇɚ ɜɵɫɨɬɟ h (ɪɢɫ. 18, ɚ) ɛɪɭɫɨɤ ɨɛɥɚɞɚɟɬ ɩɨɬɟɧɰɢɚɥɶɧɨɣ ɷɧɟɪɝɢɟɣ:  
Wɉ = mgh. 
ɉɪɢ ɟɝɨ ɞɜɢɠɟɧɢɢ (ɪɢɫ. 18, ɛ) ɷɬɚ ɷɧɟɪɝɢɹ ɩɟɪɟɯɨɞɢɬ ɜ 

ɤɢɧɟɬɢɱɟɫɤɭɸ ɷɧɟɪɝɢɸ ɛɪɭɫɤɚ ɢ ɤɢɧɟɬɢɱɟɫɤɭɸ ɷɧɟɪɝɢɸ ɤɥɢɧɚ, ɩɨɷɬɨɦɭ 

 
Ɋɢɫ. 17 



31 
 

ɩɨ ɡɚɤɨɧɭ ɫɨɯɪɚɧɟɧɢɹ ɦɟɯɚɧɢɱɟɫɤɨɣ 
ɷɧɟɪɝɢɢ ɡɚɩɢɲɟɦ:  

22

22
MUm

mgh 


, 

ɝɞɟ υ – ɫɤɨɪɨɫɬɶ ɛɪɭɫɤɚ ɜ ɦɨɦɟɧɬ, ɤɨɝɞɚ ɨɧ 
ɫɨɫɤɨɥɶɡɧɟɬ ɫ ɤɥɢɧɚ ɧɚ ɩɥɨɫɤɨɫɬɶ, U – 

ɫɤɨɪɨɫɬɶ ɤɥɢɧɚ ɜ ɬɨɬ ɠɟ ɦɨɦɟɧɬ. 
ɉɨ ɡɚɤɨɧɭ ɫɨɯɪɚɧɟɧɢɹ ɢɦɩɭɥɶɫɚ 

ɢɦɩɭɥɶɫ ɡɚɦɤɧɭɬɨɣ ɫɢɫɬɟɦɵ ɫɨɯɪɚɧɹɟɬɫɹ. ɉɟɪɜɨɧɚɱɚɥɶɧɨ ɛɪɭɫɨɤ ɢ ɤɥɢɧ 
ɩɨɤɨɢɥɢɫɶ, ɡɧɚɱɢɬ, ɫɭɦɦɚɪɧɵɣ ɢɦɩɭɥɶɫ ɛɵɥ ɪɚɜɟɧ ɧɭɥɸ. ɉɨɫɥɟ 
ɜɡɚɢɦɨɞɟɣɫɬɜɢɹ ɛɪɭɫɨɤ ɢ ɤɥɢɧ ɩɪɢɨɛɪɟɥɢ ɩɪɨɬɢɜɨɩɨɥɨɠɧɨ 
ɧɚɩɪɚɜɥɟɧɧɵɟ ɫɤɨɪɨɫɬɢ:  Ͳ = ݉𝑣 + ɚ ɜ ɩɪɨɟɤɰɢɹɯ ɧɚ ɝɨɪɢɡɨɧɬɚɥɶɧɭɸ ɨɫɶ ɯ Ͳ    , ܷ⃗⃗ܯ = ݉𝑣 −  .mυ=MU         <=            ܷܯ

ɉɨɥɭɱɚɟɦ ɫɢɫɬɟɦɭ ɢɡ ɞɜɭɯ ɭɪɚɜɧɟɧɢɣ ɫ ɞɜɭɦɹ ɧɟɢɡɜɟɫɬɧɵɦɢ: 








.

,2 22

MUmv

MUmvmgh
  

ɂɡ 2-ɝɨ ɭɪɚɜɧɟɧɢɹ ɜɵɪɚɠɚɟɦ υ ɢ ɩɨɞɫɬɚɜɥɹɟɦ ɜ 1-ɟ: 




















.

,2 2

2

m

MU
v

MU
m

MU
mmgh

   

ɉɪɢɜɨɞɢɦ ɩɨɞɨɛɧɵɟ ɫɥɚɝɚɟɦɵɟ: 

)(22 222
22

mMMUghmMU
m

UM
mgh  .  

ȼɵɪɚɠɚɟɦ U, ɩɨɥɭɱɚɟɦ: 

)(

2

)(

2 2

mMM

gh
m

mMM

ghm
U





 .  

ɉɟɪɟɜɟɞɟɦ ɞɚɧɧɵɟ ɜ ɋɂ: 1 ɫɦ = 0,01 ɦ.  

Ɉɤɨɧɱɚɬɟɥɶɧɨ 1,0
)14(4

01,0102
1 




U ɦ/ɫ.  

Ɉɬɜɟɬ: U = 0,1 ɦ/ɫ. 
 

4.3. Ɂɚɞɚɱɢ ɞɥɹ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɝɨ ɪɟɲɟɧɢɹ 

1. ȼɵɱɢɫɥɢɬɶ ɪɚɛɨɬɭ, ɫɨɜɟɪɲɚɟɦɭɸ ɩɪɢ ɪɚɜɧɨɭɫɤɨɪɟɧɧɨɦ ɩɨɞɴɟɦɟ 
ɝɪɭɡɚ ɦɚɫɫɨɣ 100 ɤɝ ɧɚ ɜɵɫɨɬɭ 4 ɦ ɡɚ ɜɪɟɦɹ 2 ɫ [1 ɛɚɥɥ]. Ɉɬɜɟɬ: 4,8 ɤȾɠ. 

2. ɋɬɟɪɠɟɧɶ ɞɥɢɧɨɣ 30 ɫɦ, ɩɨɫɬɚɜɥɟɧɧɵɣ ɜɟɪɬɢɤɚɥɶɧɨ, ɩɚɞɚɟɬ ɧɚ 
ɫɬɨɥ. ɇɚɣɬɢ ɥɢɧɟɣɧɭɸ ɫɤɨɪɨɫɬɶ ɜɟɪɯɧɟɝɨ ɤɨɧɰɚ ɫɬɟɪɠɧɹ ɜ ɤɨɧɰɟ 
ɩɚɞɟɧɢɹ. ɇɢɠɧɢɣ ɤɨɧɟɰ ɫɬɟɪɠɧɹ ɧɟ ɩɪɨɫɤɚɥɶɡɵɜɚɟɬ [2 ɛɚɥɥɚ]. Ɉɬɜɟɬ: 
3 ɦ/ɫ. 

 
Ɋɢɫ. 18 
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3. ȼɚɝɨɧ ɦɚɫɫɨɣ 20 ɬ, ɞɜɢɠɭɳɢɣɫɹ ɫɨ ɫɤɨɪɨɫɬɶɸ 20 ɤɦ/ɱ, ɞɨɝɨɧɹɟɬ 
ɜɚɝɨɧ ɦɚɫɫɨɣ 30 ɬ, ɞɜɢɠɭɳɢɣɫɹ ɫɨ ɫɤɨɪɨɫɬɶɸ 5 ɤɦ/ɱ ɜ ɬɨɦ ɠɟ 
ɧɚɩɪɚɜɥɟɧɢɢ, ɢ ɫɰɟɩɥɹɟɬɫɹ ɫ ɧɢɦ. ɋ ɤɚɤɨɣ ɫɤɨɪɨɫɬɶɸ ɛɭɞɭɬ ɞɜɢɝɚɬɶɫɹ 
ɫɰɟɩɢɜɲɢɟɫɹ ɜɚɝɨɧɵ? [1 ɛɚɥɥ] Ɉɬɜɟɬ: 11 ɤɦ/ɱ. 

4. Ɉɞɧɨɪɨɞɧɵɣ ɬɨɧɤɢɣ ɫɬɟɪɠɟɧɶ ɦɚɫɫɨɣ 0,1 ɤɝ ɢ ɞɥɢɧɨɣ 1 ɦ ɦɨɠɟɬ 
ɫɜɨɛɨɞɧɨ ɜɪɚɳɚɬɶɫɹ ɜɨɤɪɭɝ ɝɨɪɢɡɨɧɬɚɥɶɧɨɣ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɧɚ ɪɚɫɫɬɨɹ-
ɧɢɢ 0,25 ɦ ɨɬ ɟɝɨ ɤɪɚɹ. ȼ ɜɟɪɯɧɢɣ ɤɪɚɣ ɫɬɟɪɠɧɹ ɩɨɩɚɞɚɟɬ ɩɥɚɫɬɢɥɢɧɨɜɵɣ  
ɲɚɪɢɤ ɦɚɫɫɨɣ 10 ɝ, ɥɟɬɹɳɢɣ ɝɨɪɢɡɨɧɬɚɥɶɧɨ ɫɨ ɫɤɨɪɨɫɬɶɸ 20 ɦ/ɫ, ɢ ɩɪɢ-
ɥɢɩɚɟɬ ɤ ɧɟɦɭ. Ɉɩɪɟɞɟɥɢɬɶ ɭɝɥɨɜɭɸ ɫɤɨɪɨɫɬɶ ɫɬɟɪɠɧɹ ɜ ɧɚɱɚɥɶɧɵɣ 
ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ ɩɨɫɥɟ ɭɞɚɪɚ [2 ɛɚɥɥɚ]. Ɉɬɜɟɬ:  3,3 ɪɚɞ/ɫ. 

5. ɒɚɪ ɦɚɫɫɨɣ 1,2 ɤɝ, ɭɩɪɭɝɨ ɫɬɨɥɤɧɭɜɲɢɫɶ ɫ ɩɨɤɨɹɳɢɦɫɹ ɲɚɪɨɦ 
ɛɨɥɶɲɟɣ ɦɚɫɫɵ, ɩɨɬɟɪɹɥ 36 % ɫɜɨɟɣ ɤɢɧɟɬɢɱɟɫɤɨɣ ɷɧɟɪɝɢɢ. Ɉɩɪɟɞɟɥɢɬɶ 
ɦɚɫɫɭ ɛɨɥɶɲɟɝɨ ɲɚɪɚ [3 ɛɚɥɥɚ]. Ɉɬɜɟɬ:  10,8 ɤɝ. 

 
4.4. Ɋɟɤɨɦɟɧɞɭɟɦɚɹ ɥɢɬɟɪɚɬɭɪɚ ɩɨ ɬɟɦɟ 

1. ɑɟɪɬɨɜ Ⱥ.Ƚ., ȼɨɪɨɛɶɟɜ Ⱥ.Ⱥ. Ɂɚɞɚɱɧɢɤ ɩɨ ɮɢɡɢɤɟ. Ɇ.: Ɏɢɡɦɚɬɥɢɬ, 
2007. §2, 3. Ɂɚɞɚɱɢ 2.57 – 2.106, 3.29 – 3.58. 

2. Ɍɪɨɮɢɦɨɜɚ Ɍ.ɂ. ɋɛɨɪɧɢɤ ɡɚɞɚɱ ɩɨ ɤɭɪɫɭ ɮɢɡɢɤɢ. Ɇ.: ȼɵɫɲ. ɲɤ., 
2008. §1.3. Ɂɚɞɚɱɢ 1.81 – 1.128. 

3. Ⱦɟɬɥɚɮ Ⱥ.Ⱥ., əɜɨɪɫɤɢɣ Ȼ.Ɇ. Ʉɭɪɫ ɮɢɡɢɤɢ. Ɇ., 2008. 
 

Ɍɟɦɚ 5. ɆȿɏȺɇɂɑȿɋɄɂȿ ɄɈɅȿȻȺɇɂə 

ȼ ɤɨɧɬɪɨɥɶɧɨɣ ɪɚɛɨɬɟ ɩɨ ɬɟɦɟ «Ɇɟɯɚɧɢɱɟɫɤɢɟ ɤɨɥɟɛɚɧɢɹ» 
ɧɟɨɛɯɨɞɢɦɨ ɪɟɲɢɬɶ ɡɚɞɚɱɢ ɩɨ ɫɥɟɞɭɸɳɢɦ ɨɫɧɨɜɧɵɦ ɬɟɦɚɬɢɤɚɦ: 
1. Ƚɚɪɦɨɧɢɱɟɫɤɢɟ ɤɨɥɟɛɚɧɢɹ (1 ɛɚɥɥ). 
2. ɋɥɨɠɟɧɢɟ ɤɨɥɟɛɚɧɢɣ (2 ɛɚɥɥɚ). 
3. ɉɟɪɢɨɞ ɮɢɡɢɱɟɫɤɨɝɨ ɦɚɹɬɧɢɤɚ (1 ɛɚɥɥ). 
4. Ɇɚɬɟɦɚɬɢɱɟɫɤɢɣ ɦɚɹɬɧɢɤ ɩɪɢ ɧɚɥɢɱɢɢ ɞɨɩɨɥɧɢɬɟɥɶɧɵɯ ɫɢɥ (2 ɛɚɥɥɚ). 
5. Ʉɨɥɟɛɚɬɟɥɶɧɵɟ ɫɢɫɬɟɦɵ ɜ ɦɟɯɚɧɢɤɟ (3 ɛɚɥɥɚ). 
 
5.1. Ɉɫɧɨɜɧɵɟ ɮɨɪɦɭɥɵ 

ɍɪɚɜɧɟɧɢɟ ɝɚɪɦɨɧɢɱɟɫɤɢɯ ɤɨɥɟɛɚɧɢɣ: 
( ) cos( )x t A t   ,                     (61) 

ɝɞɟ ( ),x t ɦ  – ɫɦɟɳɟɧɢɟ ɤɨɥɟɛɥɸɳɟɣɫɹ ɬɨɱɤɢ ɨɬ ɩɨɥɨɠɟɧɢɹ ɪɚɜɧɨɜɟɫɢɹ ɜ 
ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ t ; ,A ɦ  – ɦɚɤɫɢɦɚɥɶɧɨɟ ɫɦɟɳɟɧɢɟ, ɚɦɩɥɢɬɭɞɚ; , ɪɚɞ  – 

ɧɚɱɚɥɶɧɚɹ ɮɚɡɚ ɤɨɥɟɛɚɧɢɣ;  t   – ɬɟɤɭɳɟɟ ɡɧɚɱɟɧɢɟ ɮɚɡɵ. 
ɋɤɨɪɨɫɬɶ  ɢ ɭɫɤɨɪɟɧɢɟ ɬɨɱɤɢ ɩɪɢ ɝɚɪɦɨɧɢɱɟɫɤɨɦ ɤɨɥɟɛɚɧɢɢ: 

sin( )v x A t      ,               (62) 
2 cos( )a x v A t        .           (63) 

ɐɢɤɥɢɱɟɫɤɚɹ (ɤɪɭɝɨɜɚɹ) ɱɚɫɬɨɬɚ ω (ɱɢɫɥɨ ɩɨɥɧɵɯ ɤɨɥɟɛɚɧɢɣ, 
ɫɨɜɟɪɲɚɟɦɵɯ ɡɚ 2π ɟɞɢɧɢɰ ɜɪɟɦɟɧɢ), ɩɟɪɢɨɞ ɤɨɥɟɛɚɧɢɣ Ɍ ɢ ɱɚɫɬɨɬɚ Ȟ 
(ɱɢɫɥɨ ɩɨɥɧɵɯ ɤɨɥɟɛɚɧɢɣ ɡɚ ɟɞɢɧɢɰɭ ɜɪɟɦɟɧɢ) ɫɜɹɡɚɧɵ ɫɨɨɬɧɨɲɟɧɢɹɦɢ: 
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12 2 ,T ɪɚɞ ɫ     .                             (64) 
ɉɪɢ ɫɥɨɠɟɧɢɢ ɞɜɭɯ ɨɞɢɧɚɤɨɜɨ ɧɚɩɪɚɜɥɟɧɧɵɯ ɝɚɪɦɨɧɢɱɟɫɤɢɯ 

ɤɨɥɟɛɚɧɢɣ ɨɞɢɧɚɤɨɜɨɝɨ ɩɟɪɢɨɞɚ ɩɨɥɭɱɚɟɬɫɹ ɝɚɪɦɨɧɢɱɟɫɤɨɟ ɤɨɥɟɛɚɧɢɟ 
ɬɨɝɨ ɠɟ ɩɟɪɢɨɞɚ, ɚɦɩɥɢɬɭɞɚ ɤɨɬɨɪɨɝɨ А ɢ ɧɚɱɚɥɶɧɚɹ ɮɚɡɚ φ ɨɩɪɟɞɟɥɹɸɬɫɹ 
ɢɡ ɭɪɚɜɧɟɧɢɣ: 𝐴ଶ = 𝐴ଵଶ + 𝐴ଶଶ + ʹ𝐴ଵ𝐴ଶ cosሺ𝜑ଶ − 𝜑ଵሻ,  (65) 

𝜑 ݃ݐ  = ஺భ si୬𝜑భ+஺మ si୬𝜑మ஺భ c୭s𝜑భ+஺మ c୭s𝜑మ,                (66) 

ɝɞɟ А1 ɢ А2 – ɚɦɩɥɢɬɭɞɵ ɫɨɫɬɚɜɥɹɸɳɢɯ ɤɨɥɟɛɚɧɢɣ; φ1 ɢ φ2 – ɢɯ 
ɧɚɱɚɥɶɧɵɟ ɮɚɡɵ. 

Дɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ ɭɪɚɜɧɟɧɢɟ ɝɚɪɦɨɧɢɱɟɫɤɢɯ ɤɨɥɟɛɚɧɢɣ: ݉̈ݔ = ݔ̈  ɢɥɢ    ,ݔ݇− + 𝜔ଶݔ = Ͳ,   (67) 
ɝɞɟ m — ɦɚɫɫɚ ɬɨɱɤɢ; k — ɤɨɷɮɮɢɰɢɟɧɬ ɤɜɚɡɢɭɩɪɭɝɨɣ ɫɢɥɵ (k = ɬω2). 

ɉɨɥɧɚɹ ɷɧɟɪɝɢɹ ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɢ, ɫɨɜɟɪɲɚɸɳɟɣ ɝɚɪɦɨɧɢɱɟɫɤɢɟ 
ɤɨɥɟɛɚɧɢɹ, ɩɨɫɬɨɹɧɧɚ ɢ ɪɚɜɧɚ: ܧ = ͳ ʹ⁄ ݉𝐴ଶ𝜔ଶ = ͳ ʹ⁄ ݇𝐴ଶ.    (68) 

ɉɪɢ ɨɬɫɭɬɫɬɜɢɢ ɫɨɩɪɨɬɢɜɥɟɧɢɹ ɫɪɟɞɵ ɩɟɪɢɨɞ ɤɨɥɟɛɚɧɢɣ 
ɩɪɭɠɢɧɧɨɝɨ ɦɚɹɬɧɢɤɚ ܶ = ݉√ߨʹ ݇⁄ ,    (69) 
ɝɞɟ m — ɦɚɫɫɚ ɬɟɥɚ; k — ɠɟɫɬɤɨɫɬɶ ɩɪɭɠɢɧɵ.  

ɉɟɪɢɨɞ ɤɨɥɟɛɚɧɢɣ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɦɚɹɬɧɢɤɚ ɞɥɢɧɨɣ l: ܶ = ݈√ߨʹ ݃⁄ .    (70) 
ɉɟɪɢɨɞ ɤɨɥɟɛɚɧɢɣ ɮɢɡɢɱɟɫɤɨɝɨ ɦɚɹɬɧɢɤɚ: ܶ = ܮ√ߨʹ ݃⁄ = 𝐽√ߨʹ ሺ݉݃݀ሻ⁄ ,   (71) 

ɝɞɟ J – ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɦɚɹɬɧɢɤɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ ɤɚɱɚɧɢɹ; d – 
ɪɚɫɫɬɨɹɧɢɟ ɨɬ ɰɟɧɬɪɚ ɦɚɫɫ ɦɚɹɬɧɢɤɚ ɞɨ ɨɫɢ ɤɨɥɟɛɚɧɢɣ; ܮ = 𝐽 ሺ݉݀ሻ⁄  – 
ɩɪɢɜɟɞɟɧɧɚɹ ɞɥɢɧɚ ɮɢɡɢɱɟɫɤɨɝɨ ɦɚɹɬɧɢɤɚ. 
 
5.2. ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɬɢɩɨɜɵɯ ɡɚɞɚɱ 

Ɂɚɞɚɱɚ 5.1. Ɍɨɱɤɚ ɫɨɜɟɪɲɚɟɬ ɝɚɪɦɨɧɢɱɟɫɤɢɟ ɤɨɥɟɛɚɧɢɹ ɩɨ ɡɚɤɨɧɭ 
)cos( 0  tAx , ɝɞɟ А = 3 ɫɦ, ɚ   = 2 ɫ-1. ɇɚɣɬɢ ɦɚɤɫɢɦɚɥɶɧɭɸ 

ɫɤɨɪɨɫɬɶ ɬɨɱɤɢ [1 ɛɚɥɥ]. 
Дɚɧɨ: 

)cos( 0  tAx

А = 3 ɫɦ 
  = 2 ɫ-1

 

Ɋɟɲɟɧɢɟ:    
Ɍ.ɤ. ɫɤɨɪɨɫɬɶ – ɷɬɨ ɩɟɪɜɚɹ ɩɪɨɢɡɜɨɞɧɚɹ ɩɨ ɜɪɟɦɟɧɢ ɨɬ 

ɫɦɟɳɟɧɢɹ, ɬɨ ɦɵ ɦɨɠɟɦ ɩɨɥɭɱɢɬɶ ɭɪɚɜɧɟɧɢɟ ɫɤɨɪɨɫɬɢ ɜ 
ɜɢɞɟ:  

)sin( 0  tAx , ɝɞɟ A - ɚɦɩɥɢɬɭɞɚ ɫɤɨɪɨɫɬɢ. υmax − ?   
ɉɨɷɬɨɦɭ ɧɚɢɛɨɥɶɲɚɹ ɫɤɨɪɨɫɬɶ:  

Av max . 
ȼɵɩɨɥɧɢɜ ɜɵɱɢɫɥɟɧɢɹ ɩɨ ɷɬɨɣ ɮɨɪɦɭɥɟ, ɩɨɥɭɱɢɦ:  
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υmax = 3·2 = 6 ɫɦ/ɫ.  
Ɉɬɜɟɬ: υmax = 6 ɫɦ/ɫ. 
 

Ɂɚɞɚɱɚ 5.2. Ⱦɜɚ ɨɞɢɧɚɤɨɜɨ ɧɚɩɪɚɜɥɟɧɧɵɯ ɝɚɪɦɨɧɢɱɟɫɤɢɯ ɤɨɥɟɛɚɧɢɹ 
ɨɞɧɨɝɨ ɩɟɪɢɨɞɚ ɫ ɚɦɩɥɢɬɭɞɚɦɢ А1 = 10 ɫɦ ɢ А2 = 6 ɫɦ ɫɤɥɚɞɵɜɚɸɬɫɹ ɜ 
ɨɞɧɨ ɤɨɥɟɛɚɧɢɟ ɫ ɚɦɩɥɢɬɭɞɨɣ А = 14 ɫɦ. ɇɚɣɬɢ ɪɚɡɧɨɫɬɶ ɮɚɡ 
ɫɤɥɚɞɵɜɚɟɦɵɯ ɤɨɥɟɛɚɧɢɣ [2 ɛɚɥɥɚ. 
Дɚɧɨ: 

)cos( 111   tAx

)cos( 222   tAx

 А1 = 10 ɫɦ  
А2 = 6 ɫɦ 

А = 14 ɫɦ 

Ɋɟɲɟɧɢɟ:    
Ⱦɥɹ ɪɟɲɟɧɢɹ ɷɬɨɣ ɡɚɞɚɱɢ ɢɫɩɨɥɶɡɭɟɦ ɦɟɬɨɞ 

ɜɪɚɳɚɸɳɟɝɨɫɹ ɜɟɤɬɨɪɚ ɚɦɩɥɢɬɭɞɵ (ɝɪɚɮɢɱɟɫɤɨɟ 
ɢɡɨɛɪɚɠɟɧɢɟ ɤɨɥɟɛɚɧɢɣ). ɉɪɢ ɩɨɫɬɪɨɟɧɢɢ ɜɟɤɬɨɪɧɨɣ 
ɞɢɚɝɪɚɦɦɵ ɭɝɨɥ ɦɟɠɞɭ ɜɟɤɬɨɪɨɦ-ɚɦɩɥɢɬɭɞɨɣ ɢ 
ɩɨɥɨɠɢɬɟɥɶɧɵɦ ɧɚɩɪɚɜɥɟɧɢɟɦ ɨɫɢ ɯ ɹɜɥɹɟɬɫɹ ɧɚɱɚɥɶɧɨɣ 
ɮɚɡɨɣ ɤɨɥɟɛɚɧɢɣ, ɬɨɝɞɚ ɢɫɤɨɦɵɣ ɭɝɨɥ α ɩɨɤɚɡɵɜɚɟɬ 
ɪɚɡɧɨɫɬɶ ɮɚɡ ɫɤɥɚɞɵɜɚɟɦɵɯ ɤɨɥɟɛɚɧɢɣ (ɪɢɫ.19). 

(φ2 – φ1) − ?   

ɉɨ ɬɟɨɪɟɦɟ ɤɨɫɢɧɭɫɨɜ  ɩɨɥɭɱɚɟɦ: 
cos2 21

2
2

2
1

2
AAAAA  . 

ɍɱɢɬɵɜɚɹ, ɱɬɨ α = π – φ, ɩɨ ɮɨɪɦɭɥɟ 
ɩɪɢɜɟɞɟɧɢɹ    coscoscos  , ɩɨɷɬɨɦɭ: 

cos2 21
2
2

2
1

2
AAAAA  =>   








 


21

2
2

2
1

2

2
arccos

AA

AAA


. 
α = 60 º.     

Ɉɬɜɟɬ: α = φ2 – φ1 = 60 º. 
 

Ɂɚɞɚɱɚ 5.3. ɇɚɣɬɢ ɩɟɪɢɨɞ ɮɢɡɢɱɟɫɤɨɝɨ ɦɚɹɬɧɢɤɚ, ɩɪɟɞɫɬɚɜɥɹɸɳɟɝɨ 
ɫɨɛɨɣ ɨɞɧɨɪɨɞɧɵɣ ɫɬɟɪɠɟɧɶ ɞɥɢɧɨɣ 60 ɫɦ, ɜɪɚɳɚɸɳɢɣɫɹ ɜɨɤɪɭɝ 
ɝɨɪɢɡɨɧɬɚɥɶɧɨɣ ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɱɟɪɟɡ ɨɞɢɧ ɢɡ ɟɝɨ ɤɨɧɰɨɜ (1 ɛɚɥɥ). 
Дɚɧɨ: 
L = 60 ɫɦ 

Ɋɟɲɟɧɢɟ:    
ɉɟɪɢɨɞ ɤɨɥɟɛɚɧɢɣ ɮɢɡɢɱɟɫɤɨɝɨ ɦɚɹɬɧɢɤɚ ɨɩɪɟɞɟɥɹɟɬɫɹ 

ɩɨ ɮɨɪɦɭɥɟ: Ɍ − ?   

cmgl

J
T 2

,
 

ɝɞɟ J – ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɦɚɹɬɧɢɤɚ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ ɤɨɥɟɛɚɧɢɣ, m – ɟɝɨ 
ɦɚɫɫɚ, lc – ɪɚɫɫɬɨɹɧɢɟ ɨɬ ɰɟɧɬɪɚ ɦɚɫɫ ɦɚɹɬɧɢɤɚ ɞɨ ɨɫɢ ɤɨɥɟɛɚɧɢɣ. 

ȼ ɞɚɧɧɨɦ ɫɥɭɱɚɟ ɰɟɧɬɪ ɦɚɫɫ ɦɚɹɬɧɢɤɚ ɫɨɜɩɚɞɚɟɬ ɫ ɰɟɧɬɪɨɦ ɫɬɟɪɠɧɹ 
(ɪɢɫ. 20), ɩɨɷɬɨɦɭ  

lc = L/2,  
ɚ ɦɨɦɟɧɬ ɢɧɟɪɰɢɢ ɬɨɧɤɨɝɨ ɫɬɟɪɠɧɹ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ, ɧɟ ɩɪɨɯɨɞɹɳɟɣ 
ɱɟɪɟɡ ɟɝɨ ɰɟɧɬɪ ɦɚɫɫ, ɧɚɣɞɟɦ ɩɨ ɬɟɨɪɟɦɟ ɒɬɟɣɧɟɪɚ (ɢɥɢ ɫɦ. ɬɚɛɥɢɰɭ 1):  
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2

2

22

3

1

212

1
mL

L
mmLmlJJ cc 






 . 

ɉɨɞɫɬɚɜɢɜ ɜɵɪɚɠɟɧɢɹ ɞɥɹ J ɢ lc ɜ ɮɨɪɦɭɥɭ ɞɥɹ ɪɚɫɱɟɬɚ ɩɟɪɢɨɞɚ 
ɮɢɡɢɱɟɫɤɨɝɨ ɦɚɹɬɧɢɤɚ, ɩɨɥɭɱɢɦ:  

g

L

mgL

mL

mgl

J
T

c 3

2
2

3

2
22

2

 


 . 

ɉɨɫɥɟ ɜɵɱɢɫɥɟɧɢɣ ɩɨ ɷɬɨɣ ɮɨɪɦɭɥɟ ɩɨɥɭɱɢɦ: 
Ɍ ≈ 1,27 ɫ. 

Ɉɬɜɟɬ: Ɍ = 1,27 ɫ. 
 

Ɂɚɞɚɱɚ 5.4. Ɇɚɹɬɧɢɤ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɦɚɥɟɧɶɤɢɣ ɦɟɬɚɥɥɢɱɟɫɤɢɣ 
ɲɚɪɢɤ ɦɚɫɫɨɣ 40 ɝ, ɩɨɞɜɟɲɟɧɧɵɣ ɧɚ ɢɡɨɥɢɪɭɸɳɟɣ ɧɢɬɢ ɞɥɢɧɨɣ 40 ɫɦ. 
ɒɚɪɢɤɭ ɫɨɨɛɳɚɸɬ ɡɚɪɹɞ +100 ɦɤɄɥ. Ɇɚɹɬɧɢɤ ɩɨɦɟɳɚɸɬ ɜ ɨɞɧɨɪɨɞɧɨɟ 
ɷɥɟɤɬɪɢɱɟɫɤɨɟ ɩɨɥɟ ɫ ɧɚɩɪɹɠɟɧɧɨɫɬɶɸ, ɪɚɜɧɨɣ 1 ɤȼ/ɦ ɢ ɧɚɩɪɚɜɥɟɧɧɨɣ 
ɜɟɪɬɢɤɚɥɶɧɨ ɜɧɢɡ. Ɉɩɪɟɞɟɥɢɬɶ ɩɟɪɢɨɞ ɤɨɥɟɛɚɧɢɣ ɦɚɹɬɧɢɤɚ [2 ɛɚɥɥɚ]. 
Дɚɧɨ: 
m = 40 ɝ 
L = 40 ɫɦ  

q = 100 ɦɤɄɥ 

E = 1 ɤȼ/ɦ 

 ɋɂ 

= 0,04 ɤɝ 
= 0,4 ɦ 
= 10-4 Ʉɥ 
= 103  ȼ/ɦ 

Ɋɟɲɟɧɢɟ:    
ɋɪɚɡɭ ɩɪɨɢɡɜɟɞɟɦ ɩɟɪɟɜɨɞ ɞɚɧɧɵɯ ɜ ɋɂ. 
Ɇɟɬɚɥɥɢɱɟɫɤɢɣ ɲɚɪɢɤ ɫɱɢɬɚɟɦ 

ɦɚɬɟɪɢɚɥɶɧɨɣ ɬɨɱɤɨɣ, ɬ.ɤ. ɪɚɞɢɭɫ ɧɟ ɭɤɚɡɚɧ. 
Ɇɚɬɟɪɢɚɥɶɧɚɹ ɬɨɱɤɚ, ɩɨɞɜɟɲɟɧɧɚɹ ɧɚ 
ɞɥɢɧɧɨɣ ɧɢɬɢ, ɫɨɫɬɚɜɥɹɟɬ ɦɚɬɟɦɚɬɢɱɟɫɤɢɣ 
ɦɚɹɬɧɢɤ (ɪɢɫ. 21), ɟɫɥɢ ɨɧɚ ɤɨɥɟɛɥɟɬɫɹ ɩɨɞ 
ɞɟɣɫɬɜɢɟɦ ɫɢɥɵ ɬɹɠɟɫɬɢ. 

Ɍ − ?   

ɉɪɢ ɷɬɨɦ ɩɟɪɢɨɞ ɦɚɥɵɯ ɤɨɥɟɛɚɧɢɣ 
ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɦɚɹɬɧɢɤɚ ɧɚɯɨɞɢɬɫɹ ɩɨ ɮɨɪɦɭɥɟ: 

      
g

L
T 2 , ɝɞɟ L – ɞɥɢɧɚ ɦɚɹɬɧɢɤɚ, g – ɭɫɤɨɪɟɧɢɟ 

ɫɜɨɛɨɞɧɨɝɨ ɩɚɞɟɧɢɹ. 
ȼ ɞɚɧɧɨɦ ɫɥɭɱɚɟ ɦɚɹɬɧɢɤ ɦɨɠɧɨ ɫɱɢɬɚɬɶ 

ɦɚɬɟɦɚɬɢɱɟɫɤɢɦ, ɟɫɥɢ ɭɱɟɫɬɶ, ɱɬɨ ɤɪɨɦɟ 
ɜɨɡɜɪɚɳɚɸɳɟɝɨ ɦɨɦɟɧɬɚ ɫɢɥɵ ɬɹɠɟɫɬɢ ɦɚɹɬɧɢɤ ɢɫɩɵ-
ɬɵɜɚɟɬ ɞɟɣɫɬɜɢɟ ɦɨɦɟɧɬɚ ɤɭɥɨɧɨɜɫɤɨɣ ɫɢɥɵ ɬɨɝɨ ɠɟ 
ɧɚɩɪɚɜɥɟɧɢɹ (ɧɚ ɩɨɥɨɠɢɬɟɥɶɧɵɣ ɡɚɪɹɞ ɞɟɣɫɬɜɭɟɬ ɫɢɥɚ 
Ʉɭɥɨɧɚ, ɫɨɜɩɚɞɚɸɳɚɹ ɩɨ ɧɚɩɪɚɜɥɟɧɢɸ ɫ 
ɧɚɩɪɹɠɟɧɧɨɫɬɶɸ ɷɥɟɤɬɪɢɱɟɫɤɨɝɨ ɩɨɥɹ). 

Ɍɨɝɞɚ ɩɟɪɢɨɞ ɦɚɥɵɯ ɤɨɥɟɛɚɧɢɣ ɦɚɹɬɧɢɤɚ ɧɚɣɞɟɦ ɩɨ ɮɨɪɦɭɥɟ: 

a

L
T 2 ,  

ɝɞɟ ɚ – ɭɫɤɨɪɟɧɢɟ ɪɟɡɭɥɶɬɢɪɭɸɳɟɣ ɜɨɡɜɪɚɳɚɸɳɟɣ ɫɢɥɵ: ܽ = ௠𝑔+௤𝐸௠ = ݃ + ௤𝐸௠ . 
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Ɉɤɨɧɱɚɬɟɥɶɧɨ ɩɨɥɭɱɚɟɦ: 
m

qE
g

L
T


 2

. 

ɉɪɨɢɡɜɟɞɹ ɪɚɫɱɟɬɵ ɩɨ ɷɬɨɣ ɮɨɪɦɭɥɟ, ɩɨɥɭɱɢɦ ɩɟɪɢɨɞ ɤɨɥɟɛɚɧɢɣ 
ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɦɚɹɬɧɢɤɚ ɩɪɢ ɧɚɥɢɱɢɢ ɞɨɩɨɥɧɢɬɟɥɶɧɨɣ ɫɢɥɵ: 
Ɍ  ≈ 1,12 ɫ. 

Ɉɬɜɟɬ: Ɍ = 1,12 ɫ. 
 

Ɂɚɞɚɱɚ 5.5. Ⱥɪɟɨɦɟɬɪ ɦɚɫɫɨɣ 50 ɝ, ɢɦɟɸɳɢɣ ɬɪɭɛɤɭ ɞɢɚɦɟɬɪɨɦ 1 ɫɦ, 
ɩɥɚɜɚɟɬ ɜ ɜɨɞɟ. Ⱥɪɟɨɦɟɬɪ ɧɟɦɧɨɝɨ ɩɨɝɪɭɡɢɥɢ ɜ ɜɨɞɭ ɢ ɡɚɬɟɦ 
ɩɪɟɞɨɫɬɚɜɢɥɢ ɫɚɦɨɦɭ ɫɟɛɟ, ɜ ɪɟɡɭɥɶɬɚɬɟ ɱɟɝɨ ɨɧ ɫɬɚɥ ɫɨɜɟɪɲɚɬɶ 
ɝɚɪɦɨɧɢɱɟɫɤɢɟ ɤɨɥɟɛɚɧɢɹ. ɇɚɣɬɢ ɩɟɪɢɨɞ ɷɬɢɯ ɤɨɥɟɛɚɧɢɣ [3 ɛɚɥɥɚ]. 
Дɚɧɨ: 
m = 50 ɝ 
d = 1 ɫɦ 
ρɜɨɞɵ = 1 ɝ/ɫɦ3 

Ɋɟɲɟɧɢɟ:    
ɇɚ ɩɨɝɪɭɠɟɧɧɵɣ ɜ ɠɢɞɤɨɫɬɶ ɚɪɟɨɦɟɬɪ ɞɟɣɫɬɜɭɸɬ ɞɜɟ 

ɫɢɥɵ: ɫɢɥɚ ɬɹɠɟɫɬɢ mg ɢ ɜɵɬɚɥɤɢɜɚɸɳɚɹ ɫɢɥɚ Ⱥɪɯɢɦɟɞɚ 
FA, ɪɚɜɧɚɹ ɜɟɫɭ ɠɢɞɤɨɫɬɢ, ɜɵɬɟɫɧɟɧɧɨɣ ɬɟɥɨɦ: 

FA = mɠg = ρɜɨɞɵVg,  T − ?   
ɝɞɟ V – ɨɛɴɟɦ ɜɵɬɟɫɧɟɧɧɨɣ ɠɢɞɤɨɫɬɢ, ɪɚɜɧɵɣ ɨɛɴɟɦɭ ɩɨɝɪɭɠɟɧɧɨɣ 
ɱɚɫɬɢ ɚɪɟɨɦɟɬɪɚ (ɪɢɫ. 22). 

Ɋɚɫɫɦɨɬɪɢɦ ɫɢɥɵ, ɞɟɣɫɬɜɭɸɳɢɟ ɧɚ ɬɟɥɨ, ɜ ɞɜɭɯ ɩɨɥɨɠɟɧɢɹɯ: 
1) ɚɪɟɨɦɟɬɪ ɧɚɯɨɞɢɬɫɹ ɜ ɫɨɫɬɨɹɧɢɢ ɪɚɜɧɨɜɟɫɢɹ. ɉɪɢɥɨɠɟɧɧɵɟ ɤ ɧɟɦɭ 
ɫɢɥɵ ɭɪɚɜɧɨɜɟɲɟɧɵ, ɬɚɤ ɤɚɤ ɞɟɣɫɬɜɭɸɬ ɜ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɯ 
ɧɚɩɪɚɜɥɟɧɢɹɯ. ɍɫɤɨɪɟɧɢɟ ɪɚɜɧɨ ɧɭɥɸ. ɉɪɢɦɟɦ ɡɚ ɩɨɥɨɠɢɬɟɥɶɧɨɟ 
ɧɚɩɪɚɜɥɟɧɢɟ ɨɫɢ ɭ ɧɚɩɪɚɜɥɟɧɢɟ ɜɟɪɬɢɤɚɥɶɧɨ ɜɧɢɡ, ɬɨɝɞɚ ɩɨ ɜɬɨɪɨɦɭ 
ɡɚɤɨɧɭ ɇɶɸɬɨɧɚ: 

0 gVmg  ;  

2) ɚɪɟɨɦɟɬɪ ɫɦɟɳɟɧ ɢɡ ɩɨɥɨɠɟɧɢɹ ɪɚɜɧɨɜɟɫɢɹ ɩɨ 
ɜɟɪɬɢɤɚɥɢ ɧɚ ɜɟɥɢɱɢɧɭ ɯ = h – h0, ɝɞɟ h0 – ɤɨɨɪɞɢɧɚɬɚ 
ɩɨɝɪɭɠɟɧɧɨɝɨ ɤɨɧɰɚ ɚɪɟɨɦɟɬɪɚ ɜ ɫɨɫɬɨɹɧɢɢ 
ɪɚɜɧɨɜɟɫɢɹ, h – ɤɨɨɪɞɢɧɚɬɚ ɜ ɦɨɦɟɧɬ ɦɚɤɫɢɦɚɥɶɧɨɝɨ 
ɩɨɝɪɭɠɟɧɢɹ. 

ɉɨɫɤɨɥɶɤɭ ɢɡɦɟɧɢɬɫɹ ɨɛɴɟɦ ɩɨɝɪɭɠɟɧɧɨɣ ɱɚɫɬɢ ɩɪɢɛɨɪɚ, 
ɜɵɬɚɥɤɢɜɚɸɳɚɹ ɫɢɥɚ ɬɚɤɠɟ ɢɡɦɟɧɢɬɫɹ. Ʉ ɚɪɟɨɦɟɬɪɭ ɛɭɞɟɬ ɩɪɢɥɨɠɟɧɚ 
ɪɚɜɧɨɞɟɣɫɬɜɭɸɳɚɹ, ɧɚɩɪɚɜɥɟɧɧɚɹ ɩɨ ɜɟɪɬɢɤɚɥɢ ɜɜɟɪɯ ɢ ɪɚɜɧɚɹ: 

)( VVgmgF   ,  

ɝɞɟ x
d

V
4

2
  – ɢɡɦɟɧɟɧɢɟ ɨɛɴɟɦɚ ɩɨɝɪɭɠɟɧɧɨɣ ɱɚɫɬɢ ɩɪɢɛɨɪɚ. 

ɂɡ ɩɨɥɭɱɟɧɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫɥɟɞɭɟɬ, ɱɬɨ:  

kxgx
d

F  
4

2

,  

ɝɞɟ g
d

k 
4

2

  – ɩɨɫɬɨɹɧɧɚɹ ɜɟɥɢɱɢɧɚ.  
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Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɧɚ ɚɪɟɨɦɟɬɪ ɞɟɣɫɬɜɭɟɬ ɫɢɥɚ, ɩɪɨɩɨɪɰɢɨɧɚɥɶɧɚɹ 
ɫɦɟɳɟɧɢɸ ɢɡ ɩɨɥɨɠɟɧɢɹ ɪɚɜɧɨɜɟɫɢɹ, ɜɡɹɬɨɦɭ ɫ ɨɛɪɚɬɧɵɦ ɡɧɚɤɨɦ, ɬ.ɟ. 
ɤɜɚɡɢɭɩɪɭɝɚɹ ɫɢɥɚ.  

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɨɧ ɫɨɜɟɪɲɚɟɬ ɝɚɪɦɨɧɢɱɟɫɤɢɟ ɤɨɥɟɛɚɧɢɹ, ɩɟɪɢɨɞ 
ɤɨɬɨɪɵɯ ɧɚɣɞɟɦ ɩɨ ɮɨɪɦɭɥɟ: 

g

m

dgd

m

k

m
T





 44

22
2


.
 

ɉɟɪɟɜɟɞɟɦ ɞɚɧɧɵɟ ɜ ɋɂ: m = 50 ɝ = 0,05 ɤɝ, d = 1 ɫɦ = 10-2
  ɦ, ρɜɨɞɵ = 1 

ɝ/ɫɦ3 = 103
  ɤɝ/ɦ3.  

ɉɟɪɢɨɞ ɤɨɥɟɛɚɧɢɣ ɪɚɜɟɧ:  

6,1
8,910

05,014,3

10

4
32





 T ɫ. 

Ɉɬɜɟɬ: T = 1,6 ɫ. 
 

5.3. Ɂɚɞɚɱɢ ɞɥɹ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɝɨ ɪɟɲɟɧɢɹ 

1. Ɍɨɱɤɚ ɫɨɜɟɪɲɚɟɬ ɝɚɪɦɨɧɢɱɟɫɤɢɟ ɤɨɥɟɛɚɧɢɹ. ɇɚɢɛɨɥɶɲɟɟ ɫɦɟɳɟɧɢɟ 
ɬɨɱɤɢ ɪɚɜɧɨ 10 ɫɦ, ɦɚɤɫɢɦɚɥɶɧɚɹ ɫɤɨɪɨɫɬɶ – 31,4 ɫɦ/ɫ. ɇɚɣɬɢ ɩɟɪɢɨɞ ɤɨ-
ɥɟɛɚɧɢɣ [1 ɛɚɥɥ]. Ɉɬɜɟɬ: 2 ɫ. 
2. Ɍɨɱɤɚ ɭɱɚɫɬɜɭɟɬ ɜ ɞɜɭɯ ɨɞɢɧɚɤɨɜɨ ɧɚɩɪɚɜɥɟɧɧɵɯ ɤɨɥɟɛɚɧɢɹɯ: 

tAx sin11  ɢ tAx cos22  , ɝɞɟ A1 = 1 ɫɦ; A2 = 2 ɫɦ. Ɉɩɪɟɞɟɥɢɬɶ ɧɚɱɚɥɶɧɭɸ 
ɮɚɡɭ ɪɟɡɭɥɶɬɢɪɭɸɳɟɝɨ ɤɨɥɟɛɚɧɢɹ [2 ɛɚɥɥɚ]. Ɉɬɜɟɬ: 27°. 
3. ɇɚɣɬɢ ɩɟɪɢɨɞ ɮɢɡɢɱɟɫɤɨɝɨ ɦɚɹɬɧɢɤɚ, ɩɪɟɞɫɬɚɜɥɹɸɳɟɝɨ ɫɨɛɨɣ 
ɨɞɧɨɪɨɞɧɵɣ ɞɢɫɤ ɪɚɞɢɭɫɨɦ 10 ɫɦ, ɜɪɚɳɚɸɳɢɣɫɹ ɜɨɤɪɭɝ ɝɨɪɢɡɨɧɬɚɥɶɧɨɣ 
ɨɫɢ, ɩɪɨɯɨɞɹɳɟɣ ɧɚ ɪɚɫɫɬɨɹɧɢɢ 5 ɫɦ ɨɬ ɟɝɨ ɰɟɧɬɪɚ [1 ɛɚɥɥ]. Ɉɬɜɟɬ:  
0,42 ɫ. 
4. ɋɟɤɭɧɞɧɵɣ ɦɚɹɬɧɢɤ ɭɫɬɚɧɨɜɥɟɧ ɜ ɥɢɮɬɟ. Ʌɢɮɬ ɩɨɞɧɢɦɚɟɬɫɹ ɫ 
ɭɫɤɨɪɟɧɢɟɦ ɚ = 2,5 ɦ/ɫ2. Ɉɩɪɟɞɟɥɢɬɶ ɩɟɪɢɨɞ ɤɨɥɟɛɚɧɢɣ ɦɚɹɬɧɢɤɚ [2 
ɛɚɥɥɚ]. Ɉɬɜɟɬ:  0,89 ɫ. 
5. Ʌɶɞɢɧɚ ɜɵɫɨɬɨɣ 50 ɫɦ ɩɥɚɜɚɟɬ ɧɚ ɩɨɜɟɪɯɧɨɫɬɢ ɜɨɞɵ. Ɉɩɪɟɞɟɥɢɬɶ 
ɩɟɪɢɨɞ ɦɚɥɵɯ ɤɨɥɟɛɚɧɢɣ ɥɶɞɢɧɵ, ɟɫɥɢ ɩɥɨɬɧɨɫɬɶ ɜɨɞɵ 1 ɝ/ɫɦ3, ɚ 
ɩɥɨɬɧɨɫɬɶ ɥɶɞɚ 0,9 ɝ/ɫɦ3 [3 ɛɚɥɥɚ].  Ɉɬɜɟɬ:  1,33 ɫ. 
 
5.4. Ɋɟɤɨɦɟɧɞɭɟɦɚɹ ɥɢɬɟɪɚɬɭɪɚ ɩɨ ɬɟɦɟ 

1. ɑɟɪɬɨɜ Ⱥ.Ƚ., ȼɨɪɨɛɶɟɜ Ⱥ.Ⱥ. Ɂɚɞɚɱɧɢɤ ɩɨ ɮɢɡɢɤɟ. Ɇ.: Ɏɢɡɦɚɬɥɢɬ, 
2007. §6. Ɂɚɞɚɱɢ 6.1 – 6.55. 

2. Ɍɪɨɮɢɦɨɜɚ Ɍ.ɂ. ɋɛɨɪɧɢɤ ɡɚɞɚɱ ɩɨ ɤɭɪɫɭ ɮɢɡɢɤɢ. Ɇ.: ȼɵɫɲ. ɲɤ., 
2008. §4.1. Ɂɚɞɚɱɢ 4.1 – 4.37. 

3. Ⱦɟɬɥɚɮ Ⱥ.Ⱥ., əɜɨɪɫɤɢɣ Ȼ.Ɇ. Ʉɭɪɫ ɮɢɡɢɤɢ. Ɇ., 2008. 
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Ɍɟɦɚ 6. ɌȿɊɆɈȾɂɇȺɆɂɄȺ 

ȼ ɤɨɧɬɪɨɥɶɧɨɣ ɪɚɛɨɬɟ ɩɨ ɬɟɦɟ «Ɍɟɪɦɨɞɢɧɚɦɢɤɚ» ɧɟɨɛɯɨɞɢɦɨ 
ɪɟɲɢɬɶ ɡɚɞɚɱɢ ɩɨ ɫɥɟɞɭɸɳɢɦ ɨɫɧɨɜɧɵɦ ɬɟɦɚɬɢɤɚɦ: 
1. Ƚɚɡɨɜɵɟ ɡɚɤɨɧɵ (1 ɛɚɥɥ). 
2. ɉɟɪɜɨɟ ɧɚɱɚɥɨ ɬɟɪɦɨɞɢɧɚɦɢɤɢ (1 ɛɚɥɥ). 
3. ɋɦɟɫɶ ɝɚɡɨɜ (2 ɛɚɥɥɚ). 
4. ɗɧɬɪɨɩɢɹ (2 ɛɚɥɥɚ). 
5. ɄɉȾ ɬɟɩɥɨɜɨɣ ɦɚɲɢɧɵ (3 ɛɚɥɥɚ). 
 
6.1. Ɉɫɧɨɜɧɵɟ ɮɨɪɦɭɥɵ 

 
Ʉɨɥɢɱɟɫɬɜɨ ɜɟɳɟɫɬɜɚ ɬɟɥɚ:  

v=N/NA,     (72) 
ɝɞɟ N — ɱɢɫɥɨ ɫɬɪɭɤɬɭɪɧɵɯ ɷɥɟɦɟɧɬɨɜ (ɦɨɥɟɤɭɥ, ɚɬɨɦɨɜ, ɢɨɧɨɜ ɢ ɬ.ɩ.), 
ɫɨɫɬɚɜɥɹɸɳɢɯ ɬɟɥɨ (ɫɢɫɬɟɦɭ); NA =6,02·1023 ɦɨɥɶ-1 – ɩɨɫɬɨɹɧɧɚɹ 
Ⱥɜɨɝɚɞɪɨ. 

Ɇɨɥɹɪɧɚɹ ɦɚɫɫɚ ɜɟɳɟɫɬɜɚ: 
M = m / v,     (73) 

ɝɞɟ m — ɦɚɫɫɚ ɨɞɧɨɪɨɞɧɨɝɨ ɬɟɥɚ (ɫɢɫɬɟɦɵ); v — ɤɨɥɢɱɟɫɬɜɨ ɜɟɳɟɫɬɜɚ 
ɷɬɨɝɨ ɬɟɥɚ. 

Ɉɬɧɨɫɢɬɟɥɶɧɚɹ ɦɨɥɟɤɭɥɹɪɧɚɹ ɦɚɫɫɚ ɜɟɳɟɫɬɜɚ:  


i

ii
AnM  r,r ,    (74) 

ɝɞɟ ni — ɱɢɫɥɨ ɚɬɨɦɨɜ i-ɝɨ ɯɢɦɢɱɟɫɤɨɝɨ ɷɥɟɦɟɧɬɚ, ɜɯɨɞɹɳɟɝɨ ɜ ɫɨɫɬɚɜ 
ɦɨɥɟɤɭɥɵ ɞɚɧɧɨɝɨ ɜɟɳɟɫɬɜɚ; Ar,i — ɨɬɧɨɫɢɬɟɥɶɧɚɹ ɚɬɨɦɧɚɹ ɦɚɫɫɚ ɷɬɨɝɨ 
ɷɥɟɦɟɧɬɚ. Ɉɬɧɨɫɢɬɟɥɶɧɵɟ ɚɬɨɦɧɵɟ ɦɚɫɫɵ ɩɪɢɜɨɞɹɬɫɹ ɜ ɬɚɛɥɢɰɟ Ⱦ.ɂ. 
Ɇɟɧɞɟɥɟɟɜɚ. 

ɋɜɹɡɶ ɦɨɥɹɪɧɨɣ ɦɚɫɫɵ Ɇ ɫ ɨɬɧɨɫɢɬɟɥɶɧɨɣ ɦɨɥɟɤɭɥɹɪɧɨɣ ɦɚɫɫɨɣ Mr 
ɜɟɳɟɫɬɜɚ: 

M= Mr·k,     (75) 
ɝɞɟ k = 10-3 ɤɝ/ɦɨɥɶ. 

Ɇɨɥɹɪɧɚɹ ɦɚɫɫɚ ɫɦɟɫɢ ɝɚɡɨɜ:  





nn

см m
1i

i
i

i
vM ,    (76) 

ɝɞɟ mi, vi – ɦɚɫɫɚ ɢ ɤɨɥɢɱɟɫɬɜɨ ɜɟɳɟɫɬɜɚ i-ɝɨ ɤɨɦɩɨɧɟɧɬɚ ɫɦɟɫɢ; n — 
ɱɢɫɥɨ ɤɨɦɩɨɧɟɧɬɨɜ ɫɦɟɫɢ. 

ɍɪɚɜɧɟɧɢɟ ɫɨɫɬɨɹɧɢɹ ɢɞɟɚɥɶɧɨɝɨ ɝɚɡɚ (ɭɪɚɜɧɟɧɢɟ Ʉɥɚɩɟɣɪɨɧɚ — 
Ɇɟɧɞɟɥɟɟɜɚ): 

T
M

p RmV  , ɢɥɢ  pV = vRT,    (77) 
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ɝɞɟ m – ɦɚɫɫɚ ɝɚɡɚ; Ɇ – ɟɝɨ ɦɨɥɹɪɧɚɹ ɦɚɫɫɚ; R = 8,31 Дɠ/(ɦɨɥɶ·К) – 
ɦɨɥɹɪɧɚɹ (ɭɧɢɜɟɪɫɚɥɶɧɚɹ) ɝɚɡɨɜɚɹ ɩɨɫɬɨɹɧɧɚɹ; Ɍ– ɬɟɪɦɨɞɢɧɚɦɢɱɟɫɤɚɹ 
ɬɟɦɩɟɪɚɬɭɪɚ; v – ɤɨɥɢɱɟɫɬɜɨ ɜɟɳɟɫɬɜɚ. 

Ɂɚɤɨɧ Ⱦɚɥɶɬɨɧɚ: ɞɚɜɥɟɧɢɟ Ɋ ɫɦɟɫɢ ɢɞɟɚɥɶɧɵɯ ɝɚɡɨɜ ɪɚɜɧɨ ɫɭɦɦɟ 
ɢɯ ɩɚɪɰɢɚɥɶɧɵɯ ɞɚɜɥɟɧɢɣ:   

   
1

n

i

i

P P


 ,                                                         (78) 

ɝɞɟ iP  - ɩɚɪɰɢɚɥɶɧɨɟ ɞɚɜɥɟɧɢɟ n -ɝɨ ɤɨɦɩɨɧɟɧɬɚ ɫɦɟɫɢ, n  - ɱɢɫɥɨ 
ɤɨɦɩɨɧɟɧɬɨɜ ɫɦɟɫɢ. 

Ʉɨɧɰɟɧɬɪɚɰɢɹ ɱɚɫɬɢɰ (ɦɨɥɟɤɭɥ, ɚɬɨɦɨɜ ɢ ɬ. ɩ.) ɨɞɧɨɪɨɞɧɨɣ 
ɫɢɫɬɟɦɵ ɫɜɹɡɚɧɚ ɫ ɟɟ ɨɛɴɟɦɨɦ V ɫɨɨɬɧɨɲɟɧɢɟɦ: 

n=N/V.      (79) 
Ɉɫɧɨɜɧɨɟ ɭɪɚɜɧɟɧɢɟ ɤɢɧɟɬɢɱɟɫɤɨɣ ɬɟɨɪɢɢ ɝɚɡɨɜ 𝒑 = ૛૜  (80)     ,ۄ˒𝜺ۃ࢔

ɝɞɟ ɪ — ɞɚɜɥɟɧɢɟ ɝɚɡɚ; <ɩ> – ɫɪɟɞɧɹɹ ɤɢɧɟɬɢɱɟɫɤɚɹ ɷɧɟɪɝɢɹ 
ɩɨɫɬɭɩɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ ɦɨɥɟɤɭɥɵ. 

ɋɪɟɞɧɹɹ ɤɢɧɟɬɢɱɟɫɤɚɹ ɷɧɟɪɝɢɹ: 
ɩɪɢɯɨɞɹɳɚɹɫɹ ɧɚ ɨɞɧɭ ɫɬɟɩɟɧɶ ɫɜɨɛɨɞɵ ɦɨɥɟɤɭɥɵ      

<1>=½ kT;      (81) 
ɩɪɢɯɨɞɹɳɚɹɫɹ ɧɚ ɜɫɟ ɫɬɟɩɟɧɢ ɫɜɨɛɨɞɵ ɦɨɥɟɤɭɥɵ (ɩɨɥɧɚɹ ɷɧɟɪɝɢɹ 

ɦɨɥɟɤɭɥɵ) 𝜺 = ૛࢏  (82)                                           ,ࢀ࢑

ɝɞɟ k – ɩɨɫɬɨɹɧɧɚɹ Ȼɨɥɶɰɦɚɧɚ; Ɍ– ɬɟɪɦɨɞɢɧɚɦɢɱɟɫɤɚɹ ɬɟɦɩɟɪɚɬɭɪɚ; i – 
ɱɢɫɥɨ ɫɬɟɩɟɧɟɣ ɫɜɨɛɨɞɵ ɦɨɥɟɤɭɥɵ; 

ɩɨɫɬɭɩɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ ɦɨɥɟɤɭɥɵ  ۃ𝜀˒ۄ = ଷଶ݇ܶ,       (83) 

ɜɪɚɳɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ ɦɨɥɟɤɭɥɵ 𝜀˅˓ = 𝑖−ଷଶ ݇ܶ.     (84) 

Ɂɚɜɢɫɢɦɨɫɬɶ ɞɚɜɥɟɧɢɹ ɝɚɡɚ ɨɬ ɤɨɧɰɟɧɬɪɚɰɢɢ ɦɨɥɟɤɭɥ ɢ ɬɟɦɩɟɪɚɬɭɪɵ  
p=nkT.      (85) 

Ɇɨɥɹɪɧɚɹ ɬɟɩɥɨɟɦɤɨɫɬɶ ɢɡɦɟɪɹɟɬɫɹ ɤɨɥɢɱɟɫɬɜɨɦ ɬɟɩɥɨɬɵ, 
ɧɟɨɛɯɨɞɢɦɵɦ ɞɥɹ ɧɚɝɪɟɜɚɧɢɹ ɨɞɧɨɝɨ ɦɨɥɹ ɜɟɳɟɫɬɜɚ ɧɚ ɨɞɢɧ ɤɟɥɶɜɢɧ: 

Cm =  
ଵ𝜈 ௗொௗ்.      (86) 

Ɇɨɥɹɪɧɚɹ ɬɟɩɥɨɟɦɤɨɫɬɶ ɫɦɟɫɢ ɝɚɡɨɜ ɢɡ n ɤɨɦɩɨɧɟɧɬɨɜ: С௠ = ஼భ𝜈భ+஼మ𝜈మ+… +஼𝑛𝜈𝑛𝜈భ+𝜈మ+⋯+𝜈𝑛 .   (87) 

ɍɞɟɥɶɧɚɹ ɬɟɩɥɨɟɦɤɨɫɬɶ ɢɡɦɟɪɹɟɬɫɹ ɤɨɥɢɱɟɫɬɜɨɦ ɬɟɩɥɨɬɵ, 
ɧɟɨɛɯɨɞɢɦɵɦ ɞɥɹ ɧɚɝɪɟɜɚɧɢɹ ɟɞɢɧɢɰɵ ɦɚɫɫɵ ɜɟɳɟɫɬɜɚ ɧɚ ɨɞɢɧ ɤɟɥɶɜɢɧ: 

c = 
ଵ௠ ௗொௗ்.     (88) 
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ɍɞɟɥɶɧɚɹ ɬɟɩɥɨɟɦɤɨɫɬɶ ɫɦɟɫɢ ɝɚɡɨɜ ɢɡ n ɤɨɦɩɨɧɟɧɬɨɜ: ܿ = ௖భ௠భ+௖మ௠మ+… +௖𝑛௠𝑛௠భ+௠మ+⋯+௠𝑛 .    (89) 

ɋɜɹɡɶ ɦɟɠɞɭ ɦɨɥɹɪɧɨɣ (Cm) ɢ ɭɞɟɥɶɧɨɣ (ɫ) ɬɟɩɥɨɟɦɤɨɫɬɹɦɢ ɝɚɡɚ 
Cm = c∙M,      (90) 

ɝɞɟ Ɇ — ɦɨɥɹɪɧɚɹ ɦɚɫɫɚ ɝɚɡɚ. 
Ɇɨɥɹɪɧɵɟ ɬɟɩɥɨɟɦɤɨɫɬɢ ɩɪɢ ɩɨɫɬɨɹɧɧɨɦ ɨɛɴɟɦɟ ɢ ɩɨɫɬɨɹɧɧɨɦ 

ɞɚɜɥɟɧɢɢ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɪɚɜɧɵ С𝑉 = 𝑖ଶ ܴ,         𝐶௣ = ሺ𝑖+ଶሻଶ ܴ,    (91) 

ɝɞɟ i — ɱɢɫɥɨ ɫɬɟɩɟɧɟɣ ɫɜɨɛɨɞɵ; R — ɦɨɥɹɪɧɚɹ ɝɚɡɨɜɚɹ ɩɨɫɬɨɹɧɧɚɹ. 
ɍɪɚɜɧɟɧɢɟ Ɇɚɣɟɪɚ: 

Cɪ—ɋv = R.     (92) 
ȼɧɭɬɪɟɧɧɹɹ ɷɧɟɪɝɢɹ ɢɞɟɚɥɶɧɨɝɨ ɝɚɡɚ 

U = N<> = vCvT = 𝜈 𝑖ଶ ݇ܶ ஺ܰ,    (93) 

ɝɞɟ <> – ɫɪɟɞɧɹɹ ɤɢɧɟɬɢɱɟɫɤɚɹ ɷɧɟɪɝɢɹ ɦɨɥɟɤɭɥɵ; N – ɱɢɫɥɨ ɦɨɥɟɤɭɥ 
ɝɚɡɚ; v – ɤɨɥɢɱɟɫɬɜɨ ɜɟɳɟɫɬɜɚ. 

ɉɪɢ ɷɥɟɦɟɧɬɚɪɧɨɦ ɢɡɦɟɧɟɧɢɢ ɨɛɴɟɦɚ ɝɚɡɚ ɫɨɜɟɪɲɚɟɬɫɹ ɪɚɛɨɬɚ: 
dA = pdV.     (94) 

Ɋɚɛɨɬɚ ɝɚɡɚ: 
ɚ) ɩɪɢ ɢɡɨɛɚɪɧɨɦ ɩɪɨɰɟɫɫɟ (p = const)  

A = p (V2 – V1),     (95) 
ɝɞɟ V1 — ɧɚɱɚɥɶɧɵɣ ɨɛɴɟɦ ɝɚɡɚ; V2 — ɟɝɨ ɤɨɧɟɱɧɵɣ ɨɛɴɟɦ. 

ɛ) ɩɪɢ ɢɡɨɬɟɪɦɢɱɟɫɤɨɦ ɩɪɨɰɟɫɫɟ (T=const)  𝐴 = ௠ெ ܴܶ ln 𝑉మ𝑉భ ;    (96) 

ɜ) ɩɪɢ ɚɞɢɚɛɚɬɢɱɟɫɤɨɦ ɩɪɨɰɟɫɫɟ 𝐴 = −∆ܷ = ௠ெ 𝐶𝑉ሺ ଵܶ– ଶܶሻ ɢɥɢ 𝐴 = ௠ெ ோ భ்𝛾−ଵ [ͳ − ቀ𝑉భ𝑉మቁ𝛾−ଵ],    (97) 

ɝɞɟ T1 — ɧɚɱɚɥɶɧɚɹ ɬɟɦɩɟɪɚɬɭɪɚ ɝɚɡɚ; T2 — ɟɝɨ ɤɨɧɟɱɧɚɹ ɬɟɦɩɟɪɚɬɭɪɚ. 
ɉɨɤɚɡɚɬɟɥɶ ɚɞɢɚɛɚɬɵ – ɨɬɧɨɲɟɧɢɟ ɦɨɥɹɪɧɵɯ (ɢɥɢ ɭɞɟɥɶɧɵɯ) 

ɬɟɩɥɨɟɦɤɨɫɬɟɣ ɝɚɡɚ ɩɪɢ ɩɨɫɬɨɹɧɧɵɯ ɞɚɜɥɟɧɢɢ ɢ ɨɛɴɟɦɟ: 

vɋ
ɋγ p , ɢɥɢ 2

2γ  i

.     (98) 

ɍɪɚɜɧɟɧɢɟ ɉɭɚɫɫɨɧɚ (ɭɪɚɜɧɟɧɢɟ ɝɚɡɨɜɨɝɨ ɫɨɫɬɨɹɧɢɹ ɩɪɢ ɚɞɢɚ-
ɛɚɬɢɱɟɫɤɨɦ ɩɪɨɰɟɫɫɟ): ܸ݌𝛾 =  (99)    .ݐݏ݊݋ܿ

ɉɟɪɜɨɟ ɧɚɱɚɥɨ ɬɟɪɦɨɞɢɧɚɦɢɤɢ ɜ ɨɛɳɟɦ ɫɥɭɱɚɟ ɡɚɩɢɫɵɜɚɟɬɫɹ ɜ ɜɢɞɟ 
Q=U+A,      (100) 

ɝɞɟ Q – ɤɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ, ɫɨɨɛɳёɧɧɨɟ ɝɚɡɭ; U – ɢɡɦɟɧɟɧɢɟ ɟɝɨ 
ɜɧɭɬɪɟɧɧɟɣ ɷɧɟɪɝɢɢ; А – ɪɚɛɨɬɚ, ɫɨɜɟɪɲɚɟɦɚɹ ɝɚɡɨɦ ɩɪɨɬɢɜ ɜɧɟɲɧɢɯ ɫɢɥ.  

ɉɟɪɜɨɟ ɧɚɱɚɥɨ ɬɟɪɦɨɞɢɧɚɦɢɤɢ: 
ɚ) ɩɪɢ ɢɡɨɛɚɪɧɨɦ ɩɪɨɰɟɫɫɟ (p = const) 
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ࡽ  = ࢁ∆ + 𝑨 = ࡹ࢓ 𝑪ࢀ∆ࢂ + ࡹ࢓ ࢀ∆ࡾ = ࡹ࢓ 𝑪𝒑∆(101)  ,ࢀ 

ɛ) ɩɪɢ ɢɡɨɯɨɪɧɨɦ ɩɪɨɰɟɫɫɟ (A = 0) ܳ = ∆ܷ = ௠ெ 𝐶𝑉∆ܶ,     (102) 

ɜ) ɩɪɢ ɢɡɨɬɟɪɦɢɱɟɫɤɨɦ ɩɪɨɰɟɫɫɟ (U = 0) ܳ = 𝐴 = ௠ெ ܴܶ ln 𝑉మ𝑉భ,     (103)
 

ɝ) ɩɪɢ ɚɞɢɚɛɚɬɧɨɦ ɩɪɨɰɟɫɫɟ (dQ = 0) 𝐴 = −∆ܷ = − ௠ெ 𝐶𝑉∆ܶ.    (104) 

Ɍɟɪɦɢɱɟɫɤɢɣ ɤɨɷɮɮɢɰɢɟɧɬ ɩɨɥɟɡɧɨɝɨ ɞɟɣɫɬɜɢɹ (ɄɉȾ) ɰɢɤɥɚ ɜ 
ɨɛɳɟɦ ɫɥɭɱɚɟ: 𝜼 = 𝑨ࡽ૚ = ૚ࡽ૛ࡽ−૚ࡽ ,                       (105)                       

ɝɞɟ A – ɪɚɛɨɬɚ, ɫɨɜɟɪɲɟɧɧɚɹ ɪɚɛɨɱɢɦ ɜɟɳɟɫɬɜɨɦ ɜ ɬɟɱɟɧɢɟ ɰɢɤɥɚ, Q1 – 
ɤɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ, ɩɨɥɭɱɟɧɧɨɟ ɪɚɛɨɱɢɦ ɬɟɥɨɦ (ɝɚɡɨɦ) ɨɬ ɧɚɝɪɟɜɚɬɟɥɹ; 
Q2 – ɤɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ, ɩɟɪɟɞɚɧɧɨɟ ɪɚɛɨɱɢɦ ɬɟɥɨɦ ɨɯɥɚɞɢɬɟɥɸ. 

ɄɉȾ ɰɢɤɥɚ Ʉɚɪɧɨ: 𝜼 = ૚ࡽ૛ࡽ−૚ࡽ  ɢɥɢ   𝜼 = ૚ࢀ૛ࢀ−૚ࢀ ,                       06)                       

ɝɞɟ T1 — ɬɟɦɩɟɪɚɬɭɪɚ ɧɚɝɪɟɜɚɬɟɥɹ; T2 — ɬɟɦɩɟɪɚɬɭɪɚ ɨɯɥɚɞɢɬɟɥɹ. 
ɂɡɦɟɧɟɧɢɟ ɷɧɬɪɨɩɢɢ ɬɟɥɚ ɜ ɥɸɛɨɦ ɨɛɪɚɬɢɦɨɦ ɩɪɨɰɟɫɫɟ, 

ɩɟɪɟɜɨɞɹɳɟɦ ɟɝɨ ɢɡ ɫɨɫɬɨɹɧɢɹ Ⱥ ɜ ɫɨɫɬɨɹɧɢɟ ȼ: ܵ஻ − ஺ܵ = ∫ ௗொ்஻஺ ,     (107) 

ɝɞɟ dQ – ɷɥɟɦɟɧɬɚɪɧɨɟ ɤɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ, ɩɨɥɭɱɟɧɧɨɟ ɬɟɥɨɦ ɩɪɢ 
ɬɟɦɩɟɪɚɬɭɪɟ Ɍ. Ɍɚɤ ɤɚɤ ɩɪɨɰɟɫɫ ɪɚɜɧɨɜɟɫɧɵɣ, ɬɨ ɢɧɬɟɝɪɢɪɨɜɚɧɢɟ 
ɩɪɨɜɨɞɢɬɫɹ ɩɨ ɥɸɛɨɦɭ ɩɭɬɢ. 
 

6.2. ɉɪɢɦɟɪɵ ɪɟɲɟɧɢɹ ɬɢɩɨɜɵɯ ɡɚɞɚɱ 

 

Ɂɚɞɚɱɚ 6.1. Ȼɚɥɥɨɧ ɜɦɟɫɬɢɦɨɫɬɶɸ 20 ɥ ɫɨɞɟɪɠɢɬ ɭɝɥɟɤɢɫɥɵɣ ɝɚɡ 
ɦɚɫɫɨɣ 500 ɝ ɩɨɞ ɞɚɜɥɟɧɢɟɦ 1,3 Ɇɉɚ. Ɉɩɪɟɞɟɥɢɬɶ ɬɟɦɩɟɪɚɬɭɪɭ ɝɚɡɚ [1 
ɛɚɥɥ]. 
Дɚɧɨ: 
V= 20 ɥ 
m = 500 ɝ 
ɪ = 1,3 Ɇɉɚ  

Ɋɟɲɟɧɢɟ:    
Ɍɚɤ ɤɚɤ ɭɫɥɨɜɢɹ ɧɟ ɫɢɥɶɧɨ ɨɬɥɢɱɚɸɬɫɹ ɨ 

ɧɨɪɦɚɥɶɧɵɯ, ɬɨ ɝɚɡ ɦɨɠɧɨ ɫɱɢɬɚɬɶ ɢɞɟɚɥɶɧɵɦ. ɋɜɹɡɶ 
ɩɚɪɚɦɟɬɪɨɜ ɫɨɫɬɨɹɧɢɹ ɭɫɬɚɧɚɜɥɢɜɚɟɬɫɹ ɭɪɚɜɧɟɧɢɟɦ 
ɫɨɫɬɨɹɧɢɹ ɢɞɟɚɥɶɧɨɝɨ ɝɚɡɚ (ɭɪɚɜɧɟɧɢɟ Ʉɥɚɩɟɣɪɨɧɚ–
Ɇɟɧɞɟɥɟɟɜɚ):

       Ɍ − ?   

RT
M

m
pV  .       

ȼɵɪɚɡɢɦ ɚɛɫɨɥɸɬɧɭɸ ɬɟɦɩɟɪɚɬɭɪɭ: 



42 
 

mR

pVM
T  . 

Ɇɨɥɹɪɧɭɸ ɦɚɫɫɭ ɦɨɠɧɨ ɨɩɪɟɞɟɥɢɬɶ ɩɨ ɮɨɪɦɭɥɟ: 
M = Mr·k,  

ɝɞɟ Mr – ɨɬɧɨɫɢɬɟɥɶɧɚɹ ɦɨɥɟɤɭɥɹɪɧɚɹ ɦɚɫɫɚ ɜɟɳɟɫɬɜɚ, k = 10-3 ɤɝ/ɦɨɥɶ. 
Ɉɬɧɨɫɢɬɟɥɶɧɚɹ ɦɨɥɟɤɭɥɹɪɧɚɹ ɦɚɫɫɚ ɦɨɥɟɤɭɥɵ ɧɚɯɨɞɢɬɫɹ ɤɚɤ ɫɭɦɦɚ 

ɨɬɧɨɫɢɬɟɥɶɧɵɯ ɚɬɨɦɧɵɯ ɦɚɫɫ ɚɬɨɦɨɜ, ɜɯɨɞɹɳɢɯ ɜ ɫɨɫɬɚɜ ɦɨɥɟɤɭɥɵ 
(ɦɨɠɧɨ ɨɩɪɟɞɟɥɢɬɶ ɩɨ ɬɚɛɥɢɰɟ Ⱦ.ɂ. Ɇɟɧɞɟɥɟɟɜɚ). ɉɨɷɬɨɦɭ ɞɥɹ 
ɭɝɥɟɤɢɫɥɨɝɨ ɝɚɡɚ ɋɈ2: 

M = Mr·k = 10-3·(12 + 2·16) = 44·10-3 ɤɝ/ɦɨɥɶ. 
ȼɵɪɚɡɢɦ ɜ ɟɞɢɧɢɰɚɯ ɋɂ ɱɢɫɥɨɜɵɟ ɡɧɚɱɟɧɢɹ ɞɚɧɧɵɯ ɡɚɞɚɱɢ:  

V= 20 ɥ = 20·10-3 ɦ3, m = 500 ɝ = 0,5 ɤɝ, ɪ = 1,3 Ɇɉɚ = 1,3·106 ɉɚ. 
ɍɱɢɬɵɜɚɹ, ɱɬɨ ɭɧɢɜɟɪɫɚɥɶɧɚɹ ɝɚɡɨɜɚɹ ɩɨɫɬɨɹɧɧɚɹ R= 8,31 Ⱦɠ/(ɦɨɥɶ·Ʉ), 
ɩɨɥɭɱɚɟɦ ɡɧɚɱɟɧɢɟ ɚɛɫɨɥɸɬɧɨɣ ɬɟɦɩɟɪɚɬɭɪɵ: 

31,85,0

10441020103,1 336







T   ≈ 275 Ʉ. 

Ɉɬɜɟɬ: Ɍ = 275 Ʉ. 
 

Ɂɚɞɚɱɚ 6.2. Ʉɚɤɨɟ ɤɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ ɩɨɬɪɟɛɭɟɬɫɹ, ɱɬɨɛɵ ɧɚɝɪɟɬɶ 1 
ɦɨɥɶ ɚɡɨɬɚ ɧɚ 300 Ʉ ɩɪɢ ɩɨɫɬɨɹɧɧɨɦ ɨɛɴɟɦɟ? [1 ɛɚɥɥ] 
Дɚɧɨ: 

ν = 1 ɦɨɥɶ 
N2 
Δ T = 
300 K 
V= const 

Ɋɟɲɟɧɢɟ: 
ɉɨ ɩɟɪɜɨɦɭ ɧɚɱɚɥɭ ɬɟɪɦɨɞɢɧɚɦɢɤɢ ɤɨɥɢɱɟɫɬɜɨ 

ɬɟɩɥɨɬɵ  Q, ɩɨɞɜɨɞɢɦɨɟ ɤ ɫɢɫɬɟɦɟ, ɪɚɫɯɨɞɭɟɬɫɹ ɧɚ 
ɭɜɟɥɢɱɟɧɢɟ ɜɧɭɬɪɟɧɧɟɣ ɷɧɟɪɝɢɢ ɝɚɡɚ  ΔU ɢ ɫɨɜɟɪɲɟɧɢɟ ɢɦ 
ɪɚɛɨɬɵ  A ɩɪɨɬɢɜ ɜɧɟɲɧɢɯ ɫɢɥ:  

Q =  ΔU + A. 

ɉɨ ɭɫɥɨɜɢɹɦ ɡɚɞɚɱɢ ɝɚɡ ɧɚɝɪɟɜɚɸɬ ɩɪɢ ɩɨɫɬɨɹɧɧɨɦ Q  – ?  

 ɨɛɴɟɦɟ – ɢɡɨɯɨɪɧɨɟ ɧɚɝɪɟɜɚɧɢɟ, ɩɨɷɬɨɦɭ:   V= const => A = pΔV = 0. 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɜɫɟ ɩɨɞɚɜɚɟɦɨɟ ɬɟɩɥɨ ɢɞɟɬ ɧɚ ɧɚɝɪɟɜɚɧɢɟ ɝɚɡɚ: 
Q =  ΔU.  

ɂɡɦɟɧɟɧɢɟ ɜɧɭɬɪɟɧɧɟɣ ɷɧɟɪɝɢɢ ɪɚɫɫɱɢɬɵɜɚɟɬɫɹ ɩɨ ɮɨɪɦɭɥɟ: 
 ΔU = TvR

i


2
.
 

Ɇɨɥɟɤɭɥɚ ɚɡɨɬɚ ɫɨɫɬɨɢɬ ɢɡ ɞɜɭɯ ɚɬɨɦɨɜ (N2). Ⱦɥɹ ɞɜɭɯɚɬɨɦɧɵɯ ɝɚɡɨɜ 
ɱɢɫɥɨ ɫɬɟɩɟɧɟɣ ɫɜɨɛɨɞɵ ɪɚɜɧɨ i  = 5.  

Ɍɨɝɞɚ ɧɟɨɛɯɨɞɢɦɨɟ ɤɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ: 
 Q = TvR

2

5
.      

Q = 30031,815,2  = 6232,5 Ⱦɠ ≈ 6,23 ɤȾɠ. 
Ɉɬɜɟɬ: Q = 6,23 ɤȾɠ. 
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Ɂɚɞɚɱɚ 6.3. Ɉɩɪɟɞɟɥɢɬɶ ɦɨɥɹɪɧɭɸ ɦɚɫɫɭ ɝɚɡɨɜɨɣ ɫɦɟɫɢ, ɫɨɫɬɨɹɳɟɣ 
ɢɡ 4 ɦɨɥɟɣ ɚɡɨɬɚ ɢ 2 ɦɨɥɟɣ ɤɢɫɥɨɪɨɞɚ [2 ɛɚɥɥɚ].  

 

Ɂɚɞɚɱɚ 6.4. ɉɪɢ ɢɡɨɯɨɪɧɨɦ ɧɚɝɪɟɜɟ 1 ɦɨɥɹ ɝɟɥɢɹ ɬɟɦɩɟɪɚɬɭɪɚ 
ɭɜɟɥɢɱɢɜɚɟɬɫɹ ɜ 3 ɪɚɡɚ. ɇɚɣɬɢ ɩɪɢɪɚɳɟɧɢɟ ɷɧɬɪɨɩɢɢ [2 ɛɚɥɥɚ]. 

Дɚɧɨ: 
ν (N2) = 4 ɦɨɥɶ 
ν (O2) = 2 ɦɨɥɶ 

Ɋɟɲɟɧɢɟ: 
Ɇɨɥɹɪɧɚɹ ɦɚɫɫɚ ɫɦɟɫɢ ɝɚɡɨɜ ɨɩɪɟɞɟɥɹɟɬɫɹ 

ɜɵɪɚɠɟɧɢɟɦ: 
 Mɫɦɟɫɢ  – ?  

.
...

...

21

21

1

1

n

n

n

i

i

n

i

i

ɫɦ

ɫɦ

vvv

mmm

v

m

v

m
M














 
Ɇɚɫɫɚ ɢ ɤɨɥɢɱɟɫɬɜɨ ɜɟɳɟɫɬɜɚ ɤɚɠɞɨɝɨ ɤɨɦɩɨɧɟɧɬɚ ɫɜɹɡɚɧɵ 

ɫɨɨɬɧɨɲɟɧɢɟɦ: 

mi = Ȟi·Mi; ɩɨɷɬɨɦɭ    M =    
22

2222

ON

OONN

vv

MvMv




  . 

ɉɪɢɦɟɧɢɜ ɫɩɨɫɨɛ, ɨɩɢɫɚɧɧɵɣ ɜ  ɡɚɞɚɱɟ 6.1,  ɨɩɪɟɞɟɥɢɦ ɦɨɥɹɪɧɵɟ 
ɦɚɫɫɵ ɚɡɨɬɚ N2 ɢ ɤɢɫɥɨɪɨɞɚ Ɉ2: 

33 102810142
2

 NM  ɤɝ/ɦɨɥɶ,   
33 103210162

2

 OM  ɤɝ/ɦɨɥɶ. 
ɉɨɞɫɬɚɜɢɜ ɡɧɚɱɟɧɢɹ ɜɫɟɯ ɧɚɣɞɟɧɧɵɯ ɜɟɥɢɱɢɧ, ɩɨɥɭɱɢɦ: 

M = 3-
-3-3

103,29
24

1032210284





 ɤɝ/ɦɨɥɶ.  

Ɉɬɜɟɬ: Mɫɦɟɫɢ = 29,3·10-3  ɤɝ/ɦɨɥɶ = 29,3 ɝ/ɦɨɥɶ. 

Ⱦɚɧɨ: 
V= const  

ν (He) = 1 
ɦɨɥɶ 

T2 = 3 T1 

Ɋɟɲɟɧɢɟ: 
ɂɡɦɟɧɟɧɢɟ ɷɧɬɪɨɩɢɢ ɩɪɢ ɩɟɪɟɯɨɞɟ ɢɡ ɫɨɫɬɨɹɧɢɹ 1 ɜ 

ɫɨɫɬɨɹɧɢɟ 2 ɧɚɣɞɟɦ ɩɨ ɮɨɪɦɭɥɟ: 

.
2

1

2

1
12  

T

Q
dSSSS


 

Δ S – ?  

ɇɚɝɪɟɜɚɧɢɟ ɩɪɨɢɫɯɨɞɢɬ ɢɡɨɯɨɪɧɨ, ɬ.ɟ. ɩɪɢ ɩɨɫɬɨɹɧɧɨɦ ɨɛɴɟɦɟ:  
V= const, ɩɨɷɬɨɦɭ ɢɡ ɩɟɪɜɨɝɨ ɧɚɱɚɥɚ ɬɟɪɦɨɞɢɧɚɦɢɤɢ ( pdVdUQ  ) 

ɫɥɟɞɭɟɬ, ɱɬɨ vRdT
i

dUQ
2

 . 

ɉɨɞɫɬɚɜɢɦ ɜɵɪɚɠɟɧɢɟ ɞɥɹ ɷɥɟɦɟɧɬɚɪɧɨɝɨ ɤɨɥɢɱɟɫɬɜɚ ɬɟɩɥɨɬɵ ɜ 
ɜɵɪɚɠɟɧɢɟ ɞɥɹ ɢɡɦɟɧɟɧɢɹ ɷɧɬɪɨɩɢɢ ɩɪɢ ɧɚɝɪɟɜɚɧɢɢ ɝɟɥɢɹ: 
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T
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T
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
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Ɂɚɞɚɱɚ 6.5. ɂɞɟɚɥɶɧɵɣ ɝɚɡ ɫɨɜɟɪɲɚɟɬ ɰɢɤɥ, ɫɨɫɬɨɹɳɢɣ ɢɡ 
ɩɨɫɥɟɞɭɸɳɢɯ ɩɪɨɰɟɫɫɨɜ: ɢɡɨɛɚɪɧɨɝɨ, ɚɞɢɚɛɚɬɢɱɟɫɤɨɝɨ ɢ 
ɢɡɨɬɟɪɦɢɱɟɫɤɨɝɨ. ȼ ɪɟɡɭɥɶɬɚɬɟ ɢɡɨɛɚɪɧɨɝɨ ɩɪɨɰɟɫɫɚ ɝɚɡ ɧɚɝɪɟɜɚɟɬɫɹ ɨɬ 
300 ɞɨ 600 Ʉ. Ɉɩɪɟɞɟɥɢɬɶ ɬɟɪɦɢɱɟɫɤɢɣ ɄɉȾ ɰɢɤɥɚ [3 ɛɚɥɥɚ].  

Ƚɟɥɢɣ – ɨɞɧɨɚɬɨɦɧɵɣ ɝɚɡ, ɦɨɥɟɤɭɥɵ ɢɦɟɸɬ 3 ɫɬɟɩɟɧɢ ɫɜɨɛɨɞɵ:  
i = 3.   
ɉɨɞɫɬɚɜɢɦ ɱɢɫɥɨɜɵɟ ɡɧɚɱɟɧɢɹ ɜɟɥɢɱɢɧ ɢ ɩɨɥɭɱɢɦ: 
Δ S= 7,1323ln31,813  .КДɠ

 Ɉɬɜɟɬ: Δ S = 13,7 Дɠ/К. 

Дɚɧɨ: 
ɂɞɟɚɥɶɧɵɣ ɝɚɡ 
1) p = const 
    T2 = 600 Ʉ  
    Ɍ1= 300 Ʉ 
2) Q = const 
    dQ = 0 
3) Ɍ = const  

Ɋɟɲɟɧɢɟ: 
ɉɨɫɬɪɨɢɦ ɝɪɚɮɢɤ ɰɢɤɥɚ ɜ ɤɨɨɪɞɢɧɚɬɚɯ ɪ, V (ɪɢɫ. 

23). ɏɚɪɚɤɬɟɪɧɵɟ ɬɨɱɤɢ ɰɢɤɥɚ ɨɛɨɡɧɚɱɢɦ 1, 2, 3.  
Ɍɟɪɦɢɱɟɫɤɢɣ ɄɉȾ ɥɸɛɨɝɨ ɰɢɤɥɚ ɨɩɪɟɞɟɥɹɟɬɫɹ 

ɜɵɪɚɠɟɧɢɟɦ: 
,

12

3112

Q

QQ

Q

A

ɩɨɥɭɱɟɧɧɨɟ

ɩɨɥɟɡɧɚɹ 


                          
(*) 

ɝɞɟ Q12 – ɤɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ, ɩɨɥɭɱɚɟɦɨɟ ɫɢɫɬɟɦɨɣ ɡɚ 
ɰɢɤɥ (ɜ ɩɪɨɰɟɫɫɟ 1-2), Q31 – ɤɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ, 
ɨɬɞɚɧɧɨɟ ɫɢɫɬɟɦɨɣ ɡɚ ɰɢɤɥ (ɜ ɩɪɨɰɟɫɫɟ 3-1). 

η – ?  

1. ɇɚ ɭɱɚɫɬɤɟ 1-2: p = const, ɨɛɴɟɦ ɭɜɟɥɢɱɢɜɚɟɬɫɹ ɨɬ V1 ɞɨ V2, ɬɟɦɩɟɪɚɬɭɪɚ 
ɬɚɤɠɟ ɜɨɡɪɨɫɥɚ, ɫɥɟɞɨɜɚɬɟɥɶɧɨ, ɝɚɡ ɩɨɥɭɱɢɥ ɤɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ Q12. ɂɡ 

ɡɚɤɨɧɚ Ƚɟɣ-Ʌɸɫɫɚɤɚ 
1

2

1

2

T

T

V

V
 , ɩɨɥɭɱɢɦ .

2

12
1

T

TV
V




 
Ʉɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ, 
ɩɨɥɭɱɟɧɧɨɟ ɝɚɡɨɦ ɩɪɢ 
ɢɡɨɛɚɪɧɨɦ ɧɚɝɪɟɜɚɧɢɢ:
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1212
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i

v

TTCQ p








  

ɬ.ɤ. .
2

2
R

i
Cp


  

2. ɇɚ ɭɱɚɫɬɤɟ 2-3: dQ = 0 
(ɚɞɢɚɛɚɬɚ, ɛɟɡ ɬɟɩɥɨɨɛɦɟɧɚ ɫ 
ɨɤɪɭɠɚɸɳɟɣ ɫɪɟɞɨɣ). 
Ɂɚɩɢɲɟɦ ɭɪɚɜɧɟɧɢɟ 
ɉɭɚɫɫɨɧɚ ɜ ɜɢɞɟ:  

constVT  1 , ɝɞɟ 

.
2

i

i 
  

 
Ɋɢɫ. 23 
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Ɂɚɞɚɱɚ 6.6. ɇɚɣɬɢ ɭɞɟɥɶɧɭɸ ɬɟɩɥɨёɦɤɨɫɬɶ pC  ɝɚɡɨɜɨɣ ɫɦɟɫɢ, 
ɫɨɫɬɨɹɳɟɣ ɢɡ ɤɨɥɢɱɟɫɬɜɚ 1 3   ɤɦɨɥɶ ɚɪɝɨɧɚ ɢ ɤɨɥɢɱɟɫɬɜɚ 2 3   ɤɦɨɥɶ 
ɚɡɨɬɚ. 

ȼ ɧɚɲɢɯ ɨɛɨɡɧɚɱɟɧɢɹɯ 1
33

1
22

  
VTVT => 

3

21

2

3 )(
T

T

V

V


, ɚ ɡɧɚɱɢɬ, .)( 1

1

3

2

2

3  

T

T

V

V

 
3. ɇɚ ɭɱɚɫɬɤɟ 3-1: T = const, ɡɧɚɱɢɬ, T1 = T3. 

Ʉɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ, ɨɬɞɚɧɧɨɟ ɝɚɡɨɦ ɩɪɢ ɢɡɨɬɟɪɦɢɱɟɫɤɨɦ ɫɠɚɬɢɢ:
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Ɍɟɩɟɪɶ ɩɨɞɫɬɚɜɢɦ ɜɫɟ ɜ ɮɨɪɦɭɥɭ (*): 
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ɉɪɨɢɡɜɟɞɟɦ ɜɵɱɢɫɥɟɧɢɹ ɢ ɩɨɥɭɱɢɦ ɄɉȾ ɰɢɤɥɚ: 

%.7,30;307,02ln1
300600

300

600
ln300300600





 

  
Ɉɬɜɟɬ: η = 30,7 %. 

Дɚɧɨ: 
Ar  

1 3   ɤɦɨɥɶ 

N2 

2 3   ɤɦɨɥɶ 

Ɋɟɲɟɧɢɟ: 
Ʉɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ, ɧɟɨɛɯɨɞɢɦɨɟ ɞɥɹ ɧɚɝɪɟɜɚɧɢɹ 

ɫɦɟɫɢ ɝɚɡɨɜ ɧɚ ɧɟɤɨɬɨɪɭɸ ɬɟɦɩɟɪɚɬɭɪɭ T :  

 1 2pQ C m m T    ɢɥɢ  1 1 2 2p pQ C m C m T   . Ɍɨɝɞɚ 
ɩɨɥɭɱɢɦ 

   1 2 1 1 2 2p p pC m m T C m C m T     . pC  – ?  
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6.3. Ɂɚɞɚɱɢ ɞɥɹ ɫɚɦɨɫɬɨɹɬɟɥɶɧɨɝɨ ɪɟɲɟɧɢɹ 

1. Ɉɩɪɟɞɟɥɢɬɶ ɩɥɨɬɧɨɫɬɶ ɧɚɫɵɳɟɧɧɨɝɨ ɜɨɞɹɧɨɝɨ ɩɚɪɚ ɜ ɜɨɡɞɭɯɟ ɩɪɢ 
ɬɟɦɩɟɪɚɬɭɪɟ 300 Ʉ. Ⱦɚɜɥɟɧɢɟ ɧɚɫɵɳɟɧɧɨɝɨ ɜɨɞɹɧɨɝɨ ɩɚɪɚ ɩɪɢ ɷɬɨɣ 
ɬɟɦɩɟɪɚɬɭɪɟ ɪɚɜɧɨ 3,55 ɤɉɚ [1 ɛɚɥɥ]. Ɉɬɜɟɬ:  0,026 ɤɝ/ɦ3. 
2. ɉɪɢ ɤɚɤɨɦ ɞɚɜɥɟɧɢɢ ɩɪɨɢɫɯɨɞɢɥɨ ɢɡɨɛɚɪɧɨɟ ɪɚɫɲɢɪɟɧɢɟ ɚɡɨɬɚ, ɟɫɥɢ 
ɧɚ ɭɜɟɥɢɱɟɧɢɟ ɟɝɨ ɨɛɴɟɦɚ ɧɚ 12 ɥ ɛɵɥɨ ɡɚɬɪɚɱɟɧɨ ɤɨɥɢɱɟɫɬɜɨ ɬɟɩɥɨɬɵ, 
ɪɚɜɧɨɟ 21 ɤȾɠ? [1 ɛɚɥɥ] Ɉɬɜɟɬ:  500 ɤɉɚ. 
3. Ȼɚɥɥɨɧ ɜɦɟɫɬɢɦɨɫɬɶɸ 5 ɥ ɫɨɞɟɪɠɢɬ ɫɦɟɫɶ ɝɟɥɢɹ ɢ ɜɨɞɨɪɨɞɚ ɩɪɢ 
ɞɚɜɥɟɧɢɢ 600 ɤɉɚ. Ɇɚɫɫɚ ɫɦɟɫɢ ɪɚɜɧɚ 4 ɝ, ɦɚɫɫɨɜɚɹ ɞɨɥɹ ɝɟɥɢɹ ɪɚɜɧɚ 0,6. 
Ɉɩɪɟɞɟɥɢɬɶ ɬɟɦɩɟɪɚɬɭɪɭ  ɫɦɟɫɢ [2 ɛɚɥɥɚ]. Ɉɬɜɟɬ:  258 Ʉ. 
4. ɉɪɢ ɢɡɨɛɚɪɧɨɦ ɧɚɝɪɟɜɟ 5 ɦɨɥɶ ɜɨɞɨɪɨɞɚ ɨɛɴɟɦ ɭɜɟɥɢɱɢɜɚɟɬɫɹ ɜ 2,72 ɪɚɡɚ. 
ɇɚɣɬɢ ɩɪɢɪɚɳɟɧɢɟ ɷɧɬɪɨɩɢɢ [2 ɛɚɥɥɚ]. Ɉɬɜɟɬ: 145 Ⱦɠ/Ʉ.     
5. ɂɞɟɚɥɶɧɵɣ ɞɜɭɯɚɬɨɦɧɵɣ ɝɚɡ ɫɨɜɟɪɲɚɟɬ ɰɢɤɥ, ɫɨɫɬɨɹɳɢɣ ɢɡ ɞɜɭɯ 
ɢɡɨɬɟɪɦ ɢ ɞɜɭɯ ɢɡɨɯɨɪ. Ɇɚɤɫɢɦɚɥɶɧɵɣ ɨɛɴɟɦ ɜ ɟ ɪɚɡ ɛɨɥɶɲɟ 
ɦɢɧɢɦɚɥɶɧɨɝɨ, Ɍ1 = 600 Ʉ, Ɍ2 = 440 Ʉ. Ɉɩɪɟɞɟɥɢɬɶ ɬɟɪɦɢɱɟɫɤɢɣ ɄɉȾ. 
ɰɢɤɥɚ [3 ɛɚɥɥɚ]. Ɉɬɜɟɬ: 16 %. 
 
6.4. Ɋɟɤɨɦɟɧɞɭɟɦɚɹ ɥɢɬɟɪɚɬɭɪɚ ɩɨ ɬɟɦɟ 

1. ɑɟɪɬɨɜ Ⱥ.Ƚ., ȼɨɪɨɛɶɟɜ Ⱥ.Ⱥ. Ɂɚɞɚɱɧɢɤ ɩɨ ɮɢɡɢɤɟ. Ɇ.: Ɏɢɡɦɚɬɥɢɬ, 
2007. § 8, 9, 11. Ɂɚɞɚɱɢ 8.16 – 8.35, 9.12 – 9.24, 11.1 – 11.86. 

2. Ɍɪɨɮɢɦɨɜɚ Ɍ.ɂ. ɋɛɨɪɧɢɤ ɡɚɞɚɱ ɩɨ ɤɭɪɫɭ ɮɢɡɢɤɢ. Ɇ.: ȼɵɫɲ. ɲɤ., 
2008. §2.2. Ɂɚɞɚɱɢ 2.46 – 2.83. 

3. Ⱦɟɬɥɚɮ Ⱥ.Ⱥ., əɜɨɪɫɤɢɣ Ȼ.Ɇ. Ʉɭɪɫ ɮɢɡɢɤɢ. Ɇ., 2008. 718 ɫ. 
4. Ɏɢɪɝɚɧɝ ȿ.ȼ. Ɋɭɤɨɜɨɞɫɬɜɨ ɤ ɪɟɲɟɧɢɸ ɡɚɞɚɱ ɩɨ ɤɭɪɫɭ ɨɛɳɟɣ 

ɮɢɡɢɤɢ: ɭɱɟɛ. ɩɨɫɨɛɢɟ. ɋɉɛ.: Ʌɚɧɶ, 2008. 352 ɫ. 
 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ: 
   1 1 2 2 1 2p p pC C m C m m m   . 

Ɍɚɤ ɤɚɤ ɚɪɝɨɧ – ɝɚɡ ɨɞɧɨɚɬɨɦɧɵɣ, ɬɨ ɱɢɫɥɨ ɫɬɟɩɟɧɟɣ ɫɜɨɛɨɞɵ 3i  , ɚ 
ɚɡɨɬ – ɞɜɭɯɚɬɨɦɧɵɣ, ɩɨɷɬɨɦɭ 5i  .  

Ɍɚɤ ɤɚɤ    2 2pC i R M    , ɬɨ  
   1 15 2pC R M  ɢ    2 27 2pC R M .  

Ɍɨɝɞɚ ɬɟɩɥɨёɦɤɨɫɬɶ ɫɦɟɫɢ ɩɪɢ constp  : 

           
 

1 21 1 2 2 1 2

1 2 1 1 2 2 1 1 2 2

2 5 75 2 7 2 5 7

2
p

RRm m Rm M R
C

m m M M M M

         
      

. 

ɉɨɞɫɬɚɜɢɜ ɱɢɫɥɟɧɧɵɟ ɡɧɚɱɟɧɢɹ MAr = 40 ∙ 10-3 ɤɝ/ɦɨɥɶ, ܯேమ = 28 ∙ 10-3 ɤɝ/ɦɨɥɶ, ɩɨɥɭɱɢɦ: 
   1 2 1 1 2 25 7 2 685,72pC R M M           Ⱦɠ/(ɤɝ∙Ʉ). 

Ɉɬɜɟɬ:  
pC = 685,72 Ⱦɠ/(ɤɝ∙Ʉ). 
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ɉɪɢɥɨɠɟɧɢɟ 

 
Ɍɚɛɥɢɰɚ ɉ1. Ʉɪɚɬɧɵɟ ɢ ɞɨɥɶɧɵɟ ɟɞɢɧɢɰɵ ɋɂ   
 

ɇɚɢɦɟɧɨɜɚɧɢɟ 
Ɉɛɨɡɧɚ-
ɱɟɧɢɟ 

Ɇɧɨɠɢ- 
ɬɟɥɶ 

ɇɚɢɦɟɧɨɜɚɧɢɟ 
Ɉɛɨɡɧɚ-

ɱɟɧɢɟ 
Ɇɧɨɠɢ- 

ɬɟɥɶ 
Ⱥɬɬɨ ɚ 1810  Ⱦɟɰɢ ɞɦ 110  

Ɏɟɦɬɨ ɮ 1510  Ⱦɟɤɚ ɞɚ 110  
ɉɢɤɨ n 1210  Ƚɟɤɬɨ ɝ 210  

ɇɚɧɨ ɧ 910  Ʉɢɥɨ ɤ 310  
Ɇɢɤɪɨ ɦɤ 610  Ɇɟɝɚ Ɇ 610  

Ɇɢɥɥɢ ɦ 310  Ƚɢɝɚ Ƚ 910  
ɋɚɧɬɢ ɫɦ 210  Ɍɟɪɚ Ɍ 1210  

 
Ɍɚɛɥɢɰɚ ɉ2. ɉɪɨɢɡɜɨɞɧɵɟ ɷɥɟɦɟɧɬɚɪɧɵɯ ɮɭɧɤɰɢɣ  
 

Ɏɭɧɤɰɢɹ ɉɪɨɢɡɜɨɞɧɚɹ Ɏɭɧɤɰɢɹ ɉɪɨɢɡɜɨɞɧɚɹ Ɏɭɧɤɰɢɹ ɉɪɨɢɡɜɨɞɧɚɹ 

C const  0 1 n
x  1n

n x
  ln x  1 x  

x  1 x   1 2 x  sin x  cos x  

n
x  1n

nx
  x

a  lnx
a a  cos x  sin x  

1 x  21 x  x
e  x

e  tg x  21 cos x  

arcsin x  21 1 x  arctg x  21 (1 )x  ctg x  21 sin x  

 
Ɍɚɛɥɢɰɚ ɉ3. ɂɧɬɟɝɪɚɥɵ ɷɥɟɦɟɧɬɚɪɧɵɯ ɮɭɧɤɰɢɣ (ɋ - ɩɨɫɬɨɹɧɧɚɹ 

ɢɧɬɟɝɪɢɪɨɜɚɧɢɹ)  
1

1

n

n x
x dx C

n



 
  sin cosxdx x C    

ln
dx

x C
x
   cos sinxdx x C   

x x
e dx e C   tg ln cosxdx x C    

ln

x

x a
a dx C

a
   ctg ln sinxdx x C   

2
arcsin

1

dx
x ɋ

x
 


  

2
arctg

1

dx
x ɋ

x
 

  
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