
Çàäà÷è ñòóäåí÷åñêèõ ìàòåìàòè÷åñêèõ îëèìïèàä
Ðÿçàíñêîãî ãîñóäàðñòâåííîãî ðàäèîòåõíè÷åñêîãî óíèâåðñèòåòà (ÐÃÐÒÓ)

9 àïðåëÿ 2016 (ìåæðåãèîíàëüíàÿ)

Çàäà÷à 1. Âû÷èñëèòü sin4 π
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Ðåøåíèå.
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=
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Çàäà÷à 2. Ïóñòü êâàäðàòíûå ìàòðèöû èç äåéñòâèòåëüíûõ ÷èñåë A è B òàêèå, ÷òî

A−1 + B−1 = (A + B)−1.

1) Ïðåäëîæèòü ìàòðèöû A è B, óäîâëåòâîðÿþùèå ýòîìó óðàâíåíèþ;
2) Äîêàçàòü, ÷òî det A = detB.

Ðåøåíèå. Òàê êàê ïî óñëîâèþ

E = (A+B)(A+B)−1 = (A+B)(A−1+B−1) = AA−1+AB−1+BA−1+BB−1 =⇒ AB−1+BA−1+E = 0.

Îáîçíà÷èì X = AB−1. Òîãäà X +X−1 +E = 0. Óìíîæèâ ïîñëåäíåå óðàâíåíèå íà (X−E)X
ñëåâà, ïîëó÷èì:

0 = (X−E)X(X+X−1+E) = (X−E)(X2+X+E) = X3−E =⇒ X3 = E =⇒ detX =
detA
detB

= 1.

Ïðèìåð: A = E, B =
1
2

(
−1

√
3

−
√

3 −1

)
(ìàòðèöà îïåðàòîðà ïîâîðîòà íà 120o).

Çàäà÷à 3. Äîêàçàòü, ÷òî
∞∑

n=1

1√
n(n + 1)

< 2.

Ðåøåíèå. Äîêàæåì, ÷òî
1√

n(n + 1)
≤ 2√

n
− 2√

n + 1
. Óìíîæèì îáå ÷àñòè íà

√
n(n + 1),

ïîëó÷èì 1 ≤ 2(n + 1) − 2
√

n(n + 1). Òî åñòü, 2
√

n(n + 1) ≤ 2n + 1 = n + (n + 1). ×òî

î÷åâèäíî:
√

n(n + 1) ≤ n + (n + 1)
2

. Òîãäà:

∞∑
n=1

1√
n(n + 1)

<

∞∑
n=1

( 2√
n
− 2√

n + 1

)
= 2.
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Çàäà÷à 4. Ðàçëîæèòü ôóíêöèþ f(x) = ex cos x ïî ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè
x = 0. Ðàññ÷èòàòü êîýôôèöèåíò a2016 ïðè x2016.

Ðåøåíèå. Ïî ôîðìóëå Ýéëåðà: ex cos x = Re e(1+i)x, è ïîñêîëüêó Re(1 + i)n = 2n/2 cos πn
4 ,

ïîëó÷àåì ex cos x =
∞∑

n=0

2n/2

n! cos πn
4 xn.

Îòâåò: a2016 =
21008

2016!
.

Çàäà÷à 5. Íàéòè ïðåäåëû: à) lim
x→0

(
3x+x

)1/ sin x
; á) lim

x→0

(
1+tg2 x

)1/ ln cos x
; â) lim

x→0

arcsinx− arctg x

x3
.

Ðåøåíèå. Èñïîëüçóåì ðàçëîæåíèÿ

3x = 1+x ln 3+o(x), ln cos x = −x2

2
+o(x2), arcsinx = x−x3

6
+o(x3), arctg x = x+

x3

3
+o(x3).

Îòâåò: à) 3e; á) e−2; â) 1/2.

Çàäà÷à 6. Äàí ýëëèïñ
x2

25
+

y2

9
= 1.

1) Ïðåäëîæèòü óðàâíåíèå ãèïåðáîëû, èìåþùåå òàêèå æå êîîðäèíàòû ôîêóñîâ;
2) Ïîêàçàòü, ÷òî òàêèõ ãèïåðáîë áåñêîíå÷íî ìíîãî;
3) Ïîêàçàòü, ÷òî ýòè ãèïåðáîëû îðòîãîíàëüíû äàííîìó ýëëèïñó.

Ðåøåíèå. Èç óðàâíåíèÿ ýëëèïñà ïîëó÷àåì êîîðäèíàòû ôîêóñîâ F1,2(±4; 0) è ýêñöåíòðèñèòåò

ε = 4/5. Ïóñòü èñêîìàÿ ãèïåðáîëà èìååò âèä
x2

a2
− y2

b2
= 1. Òîãäà a2+b2 = 16. Òàêèõ ãèïåðáîë

áåñêîíå÷íî ìíîãî.

Ïóñòü Mo(xo; yo) � òî÷êà ïåðåñå÷åíèÿ ýëëèïñà è ãèïåðáîëû. Óðàâíåíèÿ êàñàòåëüíûõ
äëÿ ýòèõ êðèâûõ â Mo èìåþò âèä

(∗)

{ xxo

25
+

yyo

9
= 1

xxo

a2
+

yyo

16− a2
= 1

ñ óãëîâûìè êîýôôèöèåíòàìè k1 = − 9xo

25yo
, k2 = −(16− a2)xo

a2yo
.

Äàëåå, èç ñèñòåìû óðàâíåíèé (∗) ïîëó÷àåì

x2
o

y2
o

=
25a2

9(16− a2)
=⇒ k1k2 = −(16− a2)xo

a2yo

9xo

25yo
= −1.
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Çàäà÷à 7. Íàéòè âñå êîðíè óðàâíåíèÿ z2016 = 20162016.

Ðåøåíèå. Óðàâíåíèå èìååò ðîâíî 2016 êîðíåé ñ ó÷åòîì êðàòíûõ è êîìïëåêñíûõ êîðíåé:

zk = 2016
(
cos

2πk

2016
+ i sin

2πk

2016

)
, k = 0, 1, 2, . . . , 2015.

Çàäà÷à 8. Íàêàíóíå Ðèî-äå-Æàíåéðî-2016 ðåøåíî ïðîâåðèòü âñåõ ñïîðòñìåíîâ íà óïîòðåáëåíèå
ìåëüäîíèÿ. Ñîâðåìåííûå ìåòîäû ïîçâîëÿþò îáíàðóæèòü ìåëüäîíèé, äàæå åñëè àíàëèçèðóåòñÿ
ñìåñü ïðîá íåñêîëüêèõ ñïîðòñìåíîâ. Ïîýòîìó, ÷òîáû óìåíüøèòü êîëè÷åñòâî ïðîá è ðàñõîäû,
áûëî ïðåäëîæåíî ñìåøèâàòü ïðîáû k ñïîðòñìåíîâ, è åñëè ïðîáà äàëà îòðèöàòåëüíûé
ðåçóëüòàò, òî âñå ñïîðòñìåíû äîïóùåíû ê ñîðåâíîâàíèÿì. Åñëè æå ðåçóëüòàò äîïèíã-
ïðîáû ïîëîæèòåëüíûé, áåð�åòñÿ åù�å ïî ïðîáå ó êàæäîãî. Íàéòè îïòèìàëüíóþ ÷èñëåííîñòü
ãðóïïû k, åñëè âåðîÿòíîñòü òîãî, ÷òî ñïîðòñìåí ïðèíèìàë ìåëüäîíèé 1/4. Ñ÷èòàòü,
÷òî ÷èñëî ñïîðòñìåíîâ äîñòàòî÷íî âåëèêî.

Ðåøåíèå. Äëÿ êàæäîãî ñïîðòñìåíà âåðîÿòíîñòü òîãî, ÷òî â ãðóïïå èç k ñïîðòñìåíîâ, â
êîòîðóþ îí ïîïàë, ïîëó÷èòñÿ îòðèöàòåëüíàÿ ïðîáà, ðàâíà (3/4)k. Òîãäà ñðåäíÿÿ ýêîíîìèÿ
íà 1 ñïîðòñìåíà áóäåò f(k) = (3/4)k − 1/k, îíà èìååò ìàêñèìóì ïðè k = 3.

Çàäà÷à 9. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà a ïðåäåë lim
x→0

a tg(x/a) + sinx− 2x

x5
áóäåò êîíå÷íûì

è íåíóëåâûì? Íàéòè ýòîò ïðåäåë.

Ðåøåíèå. Ðàçëîæèì ôóíêöèè sinx è tg x ïî ôîðìóëå Òåéëîðà:

sinx = x− x3

6
+

x5

120
+ o(x6), tg x = x +

x3

3
+

2x5

15
+ o(x6).

Òîãäà

a tg
x

a
= a

(x

a
+

x3

3a3
+

2x5

15a5
+ o(x6)

)
= x +

x3

3a2
+

2x5

15a4
+ o(x6).

Äëÿ òîãî, ÷òîáû ïðåäåë áûë êîíå÷íûì è íåíóëåâûì, íåîáõîäèìî, ÷òîáû êîýôôèöèåíò â
÷èñëèòåëå ïðè x5 áûë îòëè÷åí îò 0, à êîýôôèöèåíòû ïðè ìåíüøèõ ñòåïåíÿõ áûëè 0. Îòñþäà
ïîëó÷èì:

a tg
x

a
+sinx−2x = x+

x3

3a2
+

2x5

15a4
+x−x3

6
+

x5

120
+o(x6) = x3

( 1
3a2

−1
6

)
+x5

( 2
15a4

+
1

120

)
+o(x6).

Òîãäà
1

3a2
− 1

6
= 0 =⇒ a = ±

√
2. Òîãäà

2
15a4

+
1

120
=

2
60

+
1

120
=

1
24
.

Îòâåò: lim =
1
24

ïðè a = ±
√

2.

Çàäà÷à 10. Íàéòè ïðîèçâîäíûå
∂z

∂x
,

∂z

∂y
, åñëè1 z =

√
x2 + y2 ln

z√
x2 + y2

.

Ðåøåíèå. Ïåðåïèøåì ôóíêöèþ â âèäå F (x, y, z) = ln
z√

x2 + y2
− z√

x2 + y2
= 0. Ïðåäñòàâèì

F êàê ñëîæíóþ ôóíêöèþ F (x, y, z) = g(Φ(x, y, z)), ãäå g(t) = t−et, Φ(x, y, z) = ln
z√

x2 + y2
=

1Ýòî ½çàäà÷à-ëîâóøêa�: íåÿâíî çàäàííàÿ ôóíêöèÿ íå èìååò òî÷åê ñóùåñòâîâàíèÿ. Åñëè ñòóäåíòû óêàçàëè

â ðåøåíèè, ÷òî ôóíêöèÿ íå ñóùåñòâóåò, òî îíè ïîëó÷àþò äîïîëíèòåëüíûå áàëëû çà çàäà÷ó.
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ln z − 1
2

ln(x2 + y2). Òîãäà

∂z

∂x
= −∂F/∂x

∂F/∂z
= −∂Φ/∂x

∂Φ/∂z
= −x/(x2 + y2)

1/z
=

xz

x2 + y2
,

∂z

∂y
âû÷èñëÿåòñÿ àíàëîãè÷íî.

Îòâåò:
∂z

∂x
= − xz

x2 + y2
,

∂z

∂x
= − yz

x2 + y2
.

Çàäà÷à 11. Âû÷èñëèòü ïëîùàäü ôèãóðû, çàäàííîé óñëîâèÿìè: x2 +y2 ≤ 25, |y| ≤ 5−
√
|x|.

Ðåøåíèå. Î÷åâèäíî, ôèãóðà ñèììåòðè÷íà îòíîñèòåëüíî îñåé êîîðäèíàò, ïîýòîìó S = 4S1,
ãäå S1 � ïëîùàäü ôèãóðû â ïåðâîé ÷åòâåðòè. Òî÷êà ïåðåñå÷åíèÿ ëèíèé x2 + y2 = 25 è
y = 5−

√
x � òî÷êà (4; 3). Ïîëó÷èì:

S1 =

4∫
0

5−
√

x dx +

5∫
4

√
25− x2dx =

(
5x− 2

3
x3/2

)∣∣∣4
0
+

(25
2

arcsin
x

5
+

x

2

√
25− x2

)∣∣∣5
4

=

=
25π

4
− 25

2
arcsin

4
5

+
26
3

.

Îòâåò: S = 25π − 50 arcsin 4
5 + 104/3.

Çàäà÷à 12. Âû÷èñëèòü èíòåãðàëû:

a)

4π∫
0

x sign sinx dx; á)

4π∫
0

x[cos x]dx; â)

π∫
0

[x]sign tg x dx.

Çäåñü [a] � öåëàÿ ÷àñòü ÷èñëà a, sign b � çíàê ÷èñëà b.

Ðåøåíèå.

a)

4π∫
0

x sign sin x dx =
( π∫

0

−
2π∫

π

+

3π∫
2π

−
4π∫

3π

)
x dx =

1
2

(
x2

∣∣∣
0
π − x2

∣∣∣2π

π
+ x2

∣∣∣3π

2π
−x2

∣∣∣4π

3π

)
=

=
π2

2
(
(1− 0)− (4− 1) + (9− 4)− (16− 9)

)
= −2π2.

á)

4π∫
0

x[cos x]dx =

3π/2∫
π/2

x · (−1)dx +

7π/2∫
5π/2

x · (−1)dx = −x2

2

∣∣∣3π/2

π/2
−x2

2

∣∣∣7π/2

5π/2
=

= −π2

8
(
(9− 1) + (49− 25)

)
= −4π2.

â)

π∫
0

sign tg x dx =

π/2∫
1

1 dx +

2∫
π/2

(−1)dx +

3∫
2

(−2)dx +

π∫
3

(−3)dx =

=
(π

2
− 1

)
−

(
2− π

2

)
− 2− 3(π − 3) = 4− 2π.
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Çàäà÷à 13. 1. Ïîêàçàòü, ÷òî ôóíêöèÿ f(x) =
1

x + 1
óäîâëåòâîðÿåò ôóíêöèîíàëüíîìó

óðàâíåíèþ f(x)f(y f(x)) = f(x + y) äëÿ ëþáûõ x, y ∈ [0,+∞).
2. Íàéòè âñå äèôôåðåíöèðóåìûå ôóíêöèè f : [0,+∞) 7→ [0,+∞), óäîâëåòâîðÿþùèå äàííîìó
ôóíêöèîíàëüíîìó óðàâíåíèþ äëÿ ëþáûõ x, y ∈ [0,+∞).

Ðåøåíèå. Ïåðåïèøåì óñëîâèå â âèäå

f(x + y)− f(x)
y

= f2(x)
f(y f(x))− 1

y f(x)
.

Ïåðåõîäÿ ê ïðåäåëó ïðè y → 0 + 0, ïîëó÷èì

f ′(0) = f2(x) lim
y→0+0

f(y f(x))− 1
y f(x)

= f2(x) · (−a) =⇒
( 1

f(x)

)′
= a =⇒ f(x) =

1
ax + b

,

ãäå èç íà÷àëüíûõ óñëîâèé ñëåäóåò a ≥ 0, b = 1.

Çàäà÷à 14. Ðåøèòü äèôôåðåíöèàëüíîå óðàâíåíèå x3(xy)′′ − 4x2y′ + 3y = 0. Óêàçàíèå:
èñïîëüçîâàòü çàìåíó t = 1/x.

Ðåøåíèå. Çàìåíà t = 1/x, ïîëó÷èì

dy

dx
=

dy

dt

dt

dx
= −x−2 dy

dt
;

d2y

dx2
=

dy

dt

d2t

dx2
+

d2y

dt2

( dt

dx

)2
= −2x−3 dy

dt
+ x−4 d2y

dt2
.

Òîãäà x2y′ = −dy/dt, x3(xy)′′ = x3(2y′ + xy′′) = d2y/dt2. Â èòîãå èñõîäíîå óðàâíåíèå èìååò
âèä ÿ + 4ẏ + 3y = 0, ñ ðåøåíèåì y(t) = C1e

−3t + C2e
−t.

Îòâåò: y(x) = C1e
−3/x + C2e

−1/x.

Çàäà÷à 15. Ñáîðíàÿ Ðîññèè ïî ôóòáîëó íàñ÷èòûâàåò 28 ÷åëîâåê, êàæäûé èç êîòîðûõ
ÿâëÿåòñÿ ðûöàðåì (âñåãäà ãîâîðèò ïðàâäó) èëè ëæåöîì (âñåãäà ëæ�åò). Âî âðåìÿ ïðåññ-
êîíôåðåíöèè ó êàæäîãî ñïðîñèëè, ñêîëüêî â ñáîðíîé ðûöàðåé. 1-é ñêàçàë: ½×èñëî ðûöàðåé
� äåëèòåëü 1�. 2-é ñêàçàë: ½Êîëè÷åñòâî ðûöàðåé � äåëèòåëü 2� è ò. ä. äî 28-ãî, êîòîðûé
ñêàçàë: ½Êîëè÷åñòâî ðûöàðåé � äåëèòåëü 28�. Îïðåäåëèòå, ñêîëüêî â ñáîðíîé Ðîññèè ðûöàðåé.

Ðåøåíèå. Ìîæåò ëè â ñáîðíîé íå áûòü ðûöàðåé? Äà. Â ýòîì ñëó÷àå âñå 28 ÷ëåíîâ ñáîðíîé
ñîëãàëè áû, òàê êàê 0 âîîáùå íå äåëèòåëü.

Ìîæåò ëè â ñáîðíîé áûòü ðîâíî k ðûöàðåé? Â ýòîì ñëó÷àå ïðàâäó ñêàçàëè áû [28/k].
Èç ÷èñåë 1, 2, 3, . . . , 28 ðàâåíñòâó k = [28/k] óäîâëåòâîðÿåò òîëüêî k = 5.

Îòâåò: 0 èëè 5 ðûöàðåé.
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